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ABSTRACT

We compare the performance of representative cooling, adiabatic, and optimization algorithms for
ground-state preparation in the presence of noise. Using an exactly solvable family of quadratic
fermionic Hamiltonians subject to depolarizing noise, we derive the scaling of the achievable
relative energy as a function of the noise rate and support these results with numerical simulations.
The Hamiltonian exhibits two phases, separated by a quantum phase transition. As expected, the
performance of the different algorithms depends on the phase: adiabatic evolution is favorable in
the trivial phase, while a multi-frequency cooling algorithm, as proposed in [Phys. Rev. Res. 7
(2025) 033162], becomes competitive or superior in the topological phase, where gap-closing limits
adiabatic protocols. We further present numerical results for the quantum approximate
optimization algorithm [arXiv:2608.10112], showing that it performs competitively with cooling in
the trivial phase but is typically outperformed in the topological regime. Finally, we show that for
this model the cooling protocol exhibits enhanced robustness to parameter imperfections,
highlighting its potential advantage for realistic implementations of noisy quantum state
preparation. The analytical approach developed here, in conjunction with numerical validation,
establishes an extendable approach to benchmarking ground-state preparation algorithms.
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1 Introduction

Preparing ground states of many-body Hamiltonians is a central task in quantum simulation and
computation. Various strategies have been developed, including adiabatic evolution [3], variational
algorithms, such as the Quantum Approximate Optimization Algorithm (QAOA) [2, 4, 5], and
dissipative or cooling protocols [1, 6–21]. In current experimental settings, all these approaches are
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limited by the presence of noise, including decoherence and imperfections, which degrades the quality
of the prepared states and imposes limits on the reachable energies. Thus, the following questions
naturally arise: how does the achievable energy scale with the noise rate, and which strategy performs
best for given hardware constraints?

The adiabatic algorithm [3] prepares the target ground state by slowly evolving the system from
the ground state of a simple initial Hamiltonian to the target Hamiltonian, relying on the adiabatic
theorem to keep the state close to the instantaneous ground state throughout the evolution. Its
performance is often limited by the minimum spectral gap along the interpolation path, which closes at
quantum phase transitions and demands impractically long runtimes [22, 23]. Variational algorithms
such as the Quantum Approximate Optimization Algorithm (QAOA) [2, 5] circumvent some of those
issues by optimizing the parameters of a fixed-depth quantum circuit in order to minimize the energy
expectation value. Their scalability is often limited by barren plateaus at large circuit depth [5, 24],
or by the expressivity of the chosen family of gates. Cooling algorithms take a qualitatively different
approach: they engineer a coupling between the system and a cold auxiliary bath and extract energy
through repeated cycles of joint evolution and bath reset [9]. Closely related are dissipative state
preparation (DSP) protocols [6–8, 25], which engineer the system-bath coupling so that the dissipative
dynamics drives the system to a desired target state. Both cooling and dissipative algorithms are
described in terms of a channel which is repeatedly applied. Their performance is limited, among
other factors, by the spectral gap of that channel.

The last two algorithms mentioned above have the advantage that the state of interest is prepared
as the stationary state of the evolution (i.e. the fixed point of a linear map). Several complementary
approaches have been put forward in that context. For instance, dissipative state preparation (DSP)
schemes have been proposed to prepare ground states of frustration-free Hamiltonians [6, 7]. Ding
et al. and Zhan et al. [12, 26] proposed a filtered Lindbladian approach to prepare the ground or
the thermal state of arbitrary (local) Hamiltonians (see also [20]). Lloyd et al. [10, 11] introduced
both a cooling scheme that uses time-dependent system-bath couplings and a quasiparticle cooling
framework underlying a recent quantum processor experiment [14]. In [1] a cooling protocol which
uses static couplings that are instantaneously switched on and off, combined with randomized cycle
times and multiple bath frequencies was introduced.

In this work, we analyze how noise affects some of the ground state preparation algorithms. We
compare various algorithms in the presence of noise, with the goal of identifying the fundamental
mechanisms that limit their performance and determining their optimal behavior. Our approach
combines analytical derivations, where we obtain the achievable energy as a function of the noise
rate κ, with numerical optimization of the control parameters for each algorithm. Prior work has
studied noise effects on individual algorithms, including the robustness of adiabatic computation to
decoherence [27–29] and noise-induced errors in quantum simulation. However, those works do not
directly compare the performance of different algorithms.

We compare the plain adiabatic algorithm, QAOA and the cooling protocol introduced in [1]. As in
that work, we choose a simple Hamiltonian that contains two different phases, one trivial and the other
one topological, connected by a quantum phase transition [30–32]. This allows us to derive analytical
expressions and to perform numerical simulations in sufficiently large system sizes. The initial state of
all the protocols is a trivial one (product state, or a more realistic state close to the trivial one, see
below) and we choose as a figure of merit the relative energy, which, as opposed to the global fidelity,
is an intensive quantity which is well suited in the context of quantum simulation.

We divide our analysis in two parts. The first one compares analytically the adiabatic algorithm
with the cooling protocol in the weak coupling regime, where one can derive an effective master
equation describing the dynamics. In that case, we optimize the evolution time in both methods to
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reach the lowest energy. As expected, the relative performance of the methods depends on the phase
of the Hamiltonian. We show that both the energy scaling with the noise rate κ and the prefactor
in front of it are relevant for analyzing each method.

In the second part we compare two algorithms in which several control parameters are optimized:
QAOA and the optimizable cooling algorithm of [1]. Note that, thanks to the variational parameters,
both outperform the adiabatic algorithm and the multifrequency cooling algorithm explained previously.
Thus, we only concentrate on the optimized QAOA and cooling algorithm. In order to enable a fairer
comparison, we optimize in both the same number of parameters. We find that both algorithms
perform comparably in the trivial phase but cooling outperforms QAOA in the topological regime.
Additionally, we observe that the cooling algorithm is more resilient to parameter imperfections. We
emphasize that this paper only compares the final performance of the protocols, since our aim is to
understand the fundamental limits of the different algorithms.

The remainder of the paper is organized as follows. Section 2 provides an overview of the main
results and their physical interpretation. Section 3 defines the model, the bath, and the noise channel.
Section 4 describes the three algorithms we consider here. Section 5 derives the analytic scaling laws
with noise strength for cooling and adiabatic evolution and compares them across the phase diagram.
Section 6 presents a numerical comparison of QAOA and optimized cooling, including an analysis of
robustness to parameter imperfections. Section 7 summarizes our conclusions and outlook.

2 Summary of results

In this section we present and discuss the main results derived in this work. We briefly introduce
the model Hamiltonian, the noise model, and the figure of merit, as well as the quantum algorithms
we are going to analyze. We then consider the weak coupling regime and compare the cooling and
the adiabatic protocols. Then, we relax the condition of weak coupling and present the results for
QAOA and the cooling methods.

2.1 Model

The goal is to prepare the ground state of a family of translationally invariant quadratic fermionic
Hamiltonians, HS(θ), parametrized by θ ∈ [0, π/2]. This is the same textbook model as the one used
in ref. [1]. Due to translational invariance, HS(θ) can be analytically block-diagonalized via a Fourier
transformation, leading to a direct sum of Hamiltonians acting only on the mode pairs (k,−k) [32].
Each of these conserves the fermionic parity, which allows us to use a tensor product formulation of
the fermionic states. In particular, we will call |0⟩⊗N the vacuum state. For θ = π/2, the Hamiltonian
is local and the ground state is the vacuum. For θ = 0 the Hamiltonian is at the topological point
of the Majorana chain with zero correlation length [33, 34]. The model possesses a phase transition
at θ = π/4 that separates the trivial (θ > π/4) and the topological (θ < π/4) phases. At the critical
point, the gap for the mode with k = N/2 closes.

As a figure of merit for the different algorithms, we consider the relative energy

e =
∣∣∣∣E − EGS

EGS

∣∣∣∣ , with E = tr(HSρ) (2.1)

where EGS denotes the ground-state energy of HS and ρ the output state of the corresponding algorithm.
As in [1], the noise is modeled through a depolarizing master equation given in section 3.3,

characterized by a noise rate κ. Note that it commutes with the dynamics generated by the Hamiltonian,
which simplifies the analysis.

As mentioned in the introduction, we will consider three quantum algorithms: adiabatic, QAOA
and cooling. There are many different ways of performing each of those algorithms, and it is out of the
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Algorithm
Trivial

(θf > π/4)
Topological
(θf < π/4)

Cooling Fκ1/3

Adiab. (ideal) 3Ã1/3κ2/3 3
21/3 B̃

2/3κ1/3

Adiab. (realistic) (3Ã1/3 +D)κ2/3 3
21/3 B̃

2/3κ1/3 +Dκ2/3

Table 1. Summary of the optimal scaling laws for the relative energy eopt(κ) for the cooling and adiabatic
algorithms. Prefactors: F = 3(A/(gt))2/3/C with A,C defined in eq. (5.1); Ã ≈ cos2 θf/8; B̃ depends on θf via
the Landau-Zener coefficient G (appendix B), and D = 9(gt)−4/3/4 (see appendix A.4).

scope of this work to analyze every one of them. This is why we take some of the standard approaches
used in the adiabatic and QAOA algorithms. In the first one, we start with the Hamiltonian at H(π/2)
and transform it linearly with time to H(θ). In the QAOA, we consider pairs of layers that contain the
evolution dictated by H(π/2) and H(0), and optimize with respect to the evolution times in each layer
independently. Regarding the cooling algorithm, we select the one considered in our previous work [1]
with a slight modification. Despite the fact that we consider a specific cooling algorithm, we expect that
other cooling and dissipative algorithms will share many of the features that we obtain in our analysis.

A key distinction between the algorithms is the role of the initial state. Whereas in a cooling
protocol the state of interest is the stationary state, in the adiabatic and QAOA approaches the
relevant state is obtained via a unitary evolution. Consequently, the initial state plays an important
role in the latter two algorithms, while in a cooling process the final state is essentially independent
of it. As for the initial state, one could simply consider the vacuum state. However, this is already
the ground state for θ = π/2, so that in that case both the adiabatic and the QAOA algorithm will
give the perfect state (without performing any operation), whereas the cooling algorithm will give an
imperfect one since it will have to reach a steady state. To enable a meaningful comparison in the
presence of noise, it is crucial to adopt a common framework in which all algorithms are evaluated
under the same noise model and their performance is optimized with respect to their respective control
parameters. In particular, this requires considering realistic initial states that can be prepared under
this noise, rather than idealized states such as |0⟩⊗N , thereby ensuring that the comparison reflects
experimentally accessible conditions. Due to that, we use as initial state ρcool(π/2), obtained from
a simple cooling protocol at θ = π/2. Although this does not change the scalings that we find, it
may slightly influence the numerical results.

2.2 Comparison between adiabatic and cooling algorithms

To understand how the adiabatic and cooling algorithms compare in the presence of noise, it is useful
to analyze both methods analytically. Our central analytical result is the derivation of scaling laws
for the achievable relative energy as a function of the noise rate κ. We are interested in the limit of
low noise rate, and in the energy scaling with κ in that limit. When comparing two algorithms, we
will say that one has better scaling with κ if the relative energy increases more slowly in terms of
that parameter. For instance, a scaling with κ1/3 is better than one with κ2/3, despite the fact that
κ ≪ 1. As we show, this scaling depends on both the algorithm under consideration (adiabatic versus
cooling) and on the phase being studied (trivial versus topological).

Cooling. We consider the multi-frequency, randomized-time cooling protocol developed in ref. [1] (see
also section 4.3 and appendix A), where an external bath mode is locally weakly coupled to the system
with a coupling constant g and extracts energy iteratively. Each cooling cycle consists of coupling
the system to a bath mode of transition energy ∆ for an interaction duration τ , followed by resetting
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the bath. We analyze the state after the concatenation of ℓ such cooling cycles, where in each cycle
the frequency ∆ and interaction duration τ are chosen randomly from specified distributions. We
consider a uniform distribution for τ ∈ [0, 2t], whereas for ∆ we take both continuous and discrete
distributions in the interval ∆ ∈ [∆m,∆M ], which contains the whole single-particle spectrum of
energies {ϵm, . . . , ϵM }. We further constrain our analysis to the weak-coupling ((gt)2 ≪ 1), cooling
(ϵmt ≫ 1), and low-noise (κt ≪ 1) limits. Note that this requires κ ≪ ϵm. As shown in appendix A,
in the limit of ℓ → ∞, the state obtained by such a cooling process is close to the stationary state
of an averaged map for any distribution of τ and ∆.

Let us briefly comment on the choice of distributions of the bath frequencies considered here. As
shown in [1], for a single bath frequency ∆ (i.e., the distribution of the bath frequency is a delta
function), the cooling rate as a function of the energy is described by a Lorentzian function proportional
to t, centered at ∆, and with a width proportional to 1/t. Thus, only the modes with energies close
to that frequency ∆ will be effectively cooled. As t increases, the energy of the corresponding mode
becomes lower, but fewer and fewer modes are cooled. This is why it is necessary to choose many
frequencies ∆ in an interval that includes all mode energies. One possibility is to consider a continuous
distribution ∆ ∈ [∆m,∆M ]. This is analyzed in appendix A and allows us to obtain analytical
expressions for the cooling rate and the final energy. Alternatively, one can consider a distribution
containing R discrete frequencies, equispaced in [∆m,∆M ]. This is the approach adopted in ref. [1],
and is also used here for the numerical computations.1 In order to cover the whole single-particle
spectrum, we have to choose R ∝ t. In the limit R → ∞, we recover the continuum case, but the
discrete distribution also allows us to tackle special cases where only a few, or even just one frequency
is better. For the remainder of the paper, we will focus on this discrete distribution.

As the cooling rate increases with t, longer cycle times lead to lower attainable energies. However,
in the presence of noise, longer t introduces more noise into the system. Therefore, for a given noise
rate, there exists an optimal time t that minimizes the final energy. The results of this optimization are
summarized in table 1. We obtain that the optimal energy achievable under depolarizing noise scales
as a power law with the noise rate κ. These results are derived analytically in the limits described
above. We first derive the relative energy and then optimize it under those constraints (see table 1).
This result shows that for the cooling algorithm, the energy scales with the noise rate as κ1/3 and
does not depend on the quantum phase (see table 1). We also derive results on the achievable fidelity
with this cooling process (see appendix A.1).

Adiabatic evolution. As is common in adiabatic algorithms, we consider a linear interpolation
between the initial (simple) and the target Hamiltonian (see section 4.1). As before, increasing the
total evolution time increases the performance of the algorithm. However, the effect of noise also
increases with time. This interplay will dictate the optimal time and energy, leading to the results
presented in table 1. Additionally, the performance of the adiabatic algorithm will strongly depend on
whether the adiabatic path crosses the critical point at θ = π/4 or not. In case the target Hamiltonian
still lies in the trivial phase (no crossing), the optimal time can be shown to scale like κ−1/3 and the
achievable relative energy to scale like κ2/3 (see table 1). In the topological phase (θ < π/4), the gap
is closed during the adiabatic evolution. Using Landau-Zener theory and including noise, we show
that the relative energy scales as in eq. (5.6): we achieve for the optimal time a scaling proportional
to κ−2/3 and the achievable energy as κ1/3 (see table 1).

It should be noted that scalings alone are not enough to determine the performance of the algorithm.
The prefactors in front of them play an important role in the comparison between energy densities

1Note that in contrast to ref. [1], we do not apply a long sequence of cooling maps with randomly chosen cycle times
for each frequency, but instead vary both the cycle time and the bath frequency randomly.
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Figure 1. Difference ecool
opt − eadiab

opt between the optimal relative energies achieved by the cooling and the
adiabatic algorithms, plotted as a function of θ/π (horizontal axis) and log10 κ (vertical axis) for N = 100
systems. Negative values (blue/dark) indicate that cooling gives lower energy (region labeled “C”); positive
values (yellow/bright) indicate that the adiabatic algorithm gives lower energy (region labeled “A”). The black
contour marks eopt

cool = eopt
adiab. (a) Topological phase, adiabatic algorithm starting from |0⟩⊗N (ideal): cooling

gives lower energy throughout most of this phase. (b) Trivial phase, ideal adiabatic algorithm: the adiabatic
algorithm gives lower energy everywhere due to its small non-adiabatic prefactor and the κ2/3 power law in this
gapped regime. (c) Topological phase, realistic adiabatic algorithm starting from ρcool(π/2): the region where
cooling yields lower energy expands. (d) Trivial phase, realistic adiabatic: the imperfect initial state reduces
the adiabatic advantage, and cooling yields lower energy for κ ≳ 10−3. For cooling the relative energies are
computed numerically at N = 100, whereas for relative energies achieved by the adiabatic algorithm we use the
large-N analytic formulas to suppress the finite-size effect. The deviations at high κ are due to the fact that we
enter a regime where the here chosen discretization of R matters (see appendix A.4).

at finite values of κ. Taking them into account, it can be seen that the performance of the adiabatic
algorithm in the selected range of κ is better in the trivial phase than in the topological phase. That
is, even though the rate at which relative energy grows with κ is slower in the topological phase,
the total relative energy is lower in the trivial phase. This can be understood from the absence of
a level crossing in the trivial phase.

Numerical comparison between adiabatic and cooling algorithms. To complement the ana-
lytical results, we numerically optimize the runtime of the algorithms. This allows us not only to
confirm the analytical predictions, but also to assess their performance beyond the assumptions of the
analytical treatment. In figure 1 we present the difference between the numerically optimized (over
the runtime) relative energies achieved with the adiabatic and the cooling algorithms as a function of
the noise rate κ and the Hamiltonian parameter θ. We perform this comparison for the initial state
|0⟩⊗N and the more realistic initial state ρcool(π/2). As can be clearly seen, the adiabatic algorithm
outperforms the cooling algorithm in the trivial phase. This is expected, as for θ = π/2 the ground
state coincides with the initial state (or is close to it in the realistic scenario). However, cooling is
more effective in the topological phase due to the gapless transition in the adiabatic path.

2.3 Comparison between numerically optimized algorithms

In addition to cooling and adiabatic evolution, we consider QAOA as a third approach to ground-state
preparation. To include it on equal footing in our comparison, we compare it to a numerically optimized
version of our cooling algorithm (see [1]). Its performance is evaluated under the same noise model and
both are optimized over the same number of parameters, ensuring a consistent and fair comparison. This
allows us to assess how a finite-depth variational protocol competes with cooling across different phases.

QAOA. As is common in QAOA, we consider p layers, each consisting of two unitaries generated by
non-commuting Hamiltonians HM and HP , which are both translationally invariant and quadratic.
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Figure 2. Difference ecool
opt − eQAOA

opt as a function of θ/π (horizontal) and log10 κ (vertical) for N = 20. Blue:
cooling gives lower energy (labeled “C”); yellow: QAOA gives lower energy (labeled “Q”); black contour: equal
performance. Top row (Npars = 12): cooling with coupling range rc = 0.5 and two cycles; QAOA with p = 6
layers. Bottom row (Npars = 20): rc = 1.5, p = 10. Columns show increasing deviation of the exact parameters,
δ: (a, d) δ = 0 (exact parameters); (b, e) δ = 0.02; (c, f) δ = 0.05, each averaged over 100 random perturbations.
Both algorithms start from ρcool(π/2). As δ increases, the region where cooling outperforms QAOA expands,
demonstrating cooling’s greater robustness to parameter imperfections. The “islands” seen in (b, c) are caused
by fluctuations in the optimal parameters in a region where both methods are almost equally effective.

Consequently, the unitaries can again be decomposed into 2 × 2 unitaries acting on each mode pair
(k,−k). Each unitary is then determined by a single parameter.

Comparison. First, it should be noted that in all regions considered here, the adiabatic algorithm
performs worse than both the QAOA and the cooling algorithms. Therefore, we focus on comparing the
latter two. In figure 2, we show the difference between QAOA and the cooling algorithm when both are
optimized over 12 and 20 free parameters, respectively. For the cooling protocol, we choose a coupling
range rc ∈ {0.5, 1.5} [1] and allow two different cycles (each characterized by its own bath frequency ∆,
cycle time t, and coupling parameters), giving a total of 8(rc + 1) ∈ {12, 20} free parameters. For
QAOA, we use p = 4(rc + 1) ∈ {6, 10} layers to have the same number of parameters. As mentioned
above, we choose as the initial state the state ρcool(π/2). In case the parameters can be chosen exactly,
QAOA typically achieves lower energies in the trivial phase (θ > π/4), while cooling gives lower energies
in the topological phase (θ < π/4). This is expected, as preparing an SPT state from a trivial product
state is generally difficult for QAOA. Neither algorithm dominates across the entire phase diagram.

Robustness. Since the optimal parameters cannot be implemented perfectly, we also analyze the
robustness of the algorithms to small deviations in the parameters (see figure 2). As shown there,
the cooling algorithm is more resilient to such fluctuations than the QAOA algorithm over a wide
range of parameters.

2.4 Overall picture

Overall, our analytical and numerical results show that the optimal strategy is strongly phase-dependent:
adiabatic evolution is advantageous in the trivial phase, whereas cooling is favorable in the topological
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phase. Our numerical results show that QAOA performs competitively with cooling in the trivial phase
but is generally outperformed by cooling in the topological phase. We further find that cooling is more
robust than QAOA to parameter imperfections, reinforcing its advantage in realistic settings.

3 Model

As in [1], we consider a family of translationally invariant quadratic fermionic Hamiltonians HS(θ)
parametrized by θ. Both analytic calculations and large-N numerics are feasible, and all dynamics
decompose into independent momentum blocks. Below we define the Hamiltonian, the bath used
for cooling, and the noise channel.

3.1 System

The system is a ring of N free fermions (with N even) with nearest-neighbor hopping and pairing,
parametrized by θ ∈ [0, π/2] [1]:

HS(θ) = 1
2 sin θ

N∑
n=1

(a†
nan − ana

†
n) + 1

2 cos θ
N∑

n=1

[
a†

n(an+1 + ia†
n+1) + h.c.

]
, (3.1)

where an (a†
n) are fermionic annihilation (creation) operators with {an, am} = {a†

n, a
†
m} = 0, {an, a

†
m} =

δn,m, and we impose periodic boundary conditions aN+1 = a1.
As mentioned before, this Hamiltonian has two phases separated by a critical point at θ = π/4.

For θ → π/2, the ground state is continuously connected to the trivial product vacuum (in the original
fermionic basis). For θ → 0, the model approaches the Kitaev/Majorana-chain limit (topological
phase). At θ = π/4 the gap closes at momentum k = N/2 and the ground state becomes degenerate.
This mode is negligible for the energy density in the thermodynamic limit, but it becomes relevant
for comparisons based on fidelity.

Since HS is quadratic and translation invariant, a Fourier transform decomposes it into independent
(k,−k) blocks. Each (k,−k) block further splits into sectors of even and odd fermion parity: the even
sector is spanned by {|ΩS⟩ , ã†

kã
†
−k |ΩS⟩} and the odd sector by {ã†

k |ΩS⟩ , ã†
−k |ΩS⟩}, where |ΩS⟩ is the

particle vacuum of the system and ãk are the Fourier-transformed mode operators.
Because the ground state of HS(π/2) lies in the even-parity sector and unitary evolution generated

by quadratic Hamiltonians preserves the fermion parity, both adiabatic evolution and QAOA reduce
to independent effective qubits within this sector: the two-dimensional even-parity subspace of each
(k,−k) block defines a qubit with basis states |0k⟩ ≡ |ΩS⟩ and |1k⟩ ≡ ã†

kã
†
−k |ΩS⟩. For the cooling

algorithm, which involves a CP map obtained by tracing out or resetting the bath after joint evolution
with the system, the parity of only the system is not conserved in general (it is however conserved
when considering system and bath together). Nevertheless, the evolution remains Gaussian and
factorizes across momentum blocks, so that the analytic and numerical treatment still reduces to
independent small subsystems of at most four dimensions. Throughout the remainder of this paper,
when we refer to “mode k,” we mean the mode pair (k,−k) and the corresponding effective qubit
in the even-parity sector, unless stated otherwise.

Diagonalizing HS by a Bogoliubov transformation yields the mode Hamiltonians and energies

HS =
N/2−1∑

k=1
ϵk(âkâ

†
k + â−kâ

†
−k) +

∑
k=0,N/2

ϵkâkâ
†
k, (3.2)

ϵk =

√
1 + sin 2θ cos 2πk

N
. (3.3)
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We call spectrum range the interval within which the energies of the modes vary, namely from
ϵm =

√
1 − sin 2θ at k = N/2 to ϵM =

√
1 + sin 2θ at k = 0. The gap closes (ϵm → 0) at the

critical point θ = π/4.
As mentioned before, the 2-dimensional subspace of even parity is spanned by {|0k⟩ , |1k⟩}. The

Hamiltonian block for each mode reads then

Hk(θ) = wk(θ)σz + rk(θ)σx, (3.4)

with wk(θ) = sin θ + cos θ cosϕk, rk(θ) = cos θ sinϕk, and ϕk = 2πk/N . The total relative energy can
be written in terms of the energies per mode as follows

e =
∑N/2

k=0 ϵk ek∑N/2
k=0 ϵk

, (3.5)

where ek = (Ek + ϵk)/ϵk is the relative energy of mode k; here Ek is the energy contribution of
mode k and −ϵk is its ground-state value. For details (Bogoliubov angles, special cases k = 0, N/2,
etc.), we refer the reader to ref. [1].

3.2 Bath and Coupling

For the cooling algorithm, we introduce an auxiliary bath that can be prepared (and reset) close to its
ground state. As in ref. [1], we consider N independent fermionic modes with tunable onsite potential ∆:

HB = ∆
2

N∑
n=1

(
b†

nbn − bnb
†
n

)
, (3.6)

where bn, b
†
n are fermionic operators acting on the bath.

The system modes (an) and bath modes (bn) are coupled in the following translationally invariant
way, up to a maximum range rc:

VSB = g
N∑

n=1

rc∑
j=−rc

[(
λja

†
nbn+j + iµjanbn+j

)
+ h.c.

]
. (3.7)

Here, g is an overall coupling strength and λj , µj are dimensionless parameters.
In momentum space, after diagonalizing the Hamiltonian (in the Hilbert space corresponding

to the system) via the Bogoliubov transformation, the joint Hamiltonian HSB = HS + HB + VSB

decomposes into independent (k,−k) blocks. For generic k, one can write HSB =
∑

k α̂
†
khSB,kα̂k

with α̂k = (âk, â
†
−k, b̂k, b̂

†
−k)⊤, and

hSB,k =


ϵk 0 gAk gBk

0 −ϵk gBk −gAk

gA∗
k gB∗

k ∆ 0
gB∗

k −gA∗
k 0 −∆

 , (3.8)

where Ak, Bk depend on the Bogoliubov angle φk and the couplings {λj , µj}:

Ak =
rc∑

j=−rc

(cos(φk)λj + i sin(φk)µj) e−i 2πjk
N , (3.9)

Bk =
rc∑

j=−rc

(− sin(φk)λj + i cos(φk)µj) e−i 2πjk
N , (3.10)

with φk = 1
2 tan−1

(
sin 2πk

N

tan θ+cos 2πk
N

)
.
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3.3 Noise

We model noise by a depolarizing channel acting on both system and bath during each step of coherent
evolution. In Lindblad form it is described by

LE(ρ) = κ
N∑

n=1
[(anρa

†
n + a†

nρan − ρ) + (bnρb
†
n + b†

nρbn − ρ)], (3.11)

where κ denotes the noise strength. Since the Lindblad operators are site-local, this channel factorizes
across sites, and also across modes; i.e. eLEt is the tensor product over all eLk

Et, with the CPTP map [1]:

eLk
Et(ρk) = Dt(ρk) = e−2κtρk + (1 − e−2κt)𝟙4 . (3.12)

This channel commutes with any unitary generated by a quadratic fermionic Hamiltonian (see [1]),
which has distinct consequences for the three algorithms.

For the unitary algorithms (adiabatic and QAOA), the noise accumulated over the entire runtime
can equivalently be collected into a single depolarizing channel DT applied after the complete unitary
circuit; the energy of any quadratic observable is then damped by a factor e−2κT . For the cooling
algorithm, the noise within each cycle can similarly be moved to act after that cycle’s unitary evolution
step; however, the non-unitary bath reset between successive cycles prevents combining noise from
different cycles into a single channel. As a result, increasing the total runtime of the algorithm degrades
performance for all three algorithms, but the mechanism by which the optimal time balances coherent
evolution against noise is algorithm-specific and constitutes the central analysis of section 5.

4 Quantum algorithms considered

Below we describe the three algorithms compared in this work: adiabatic evolution, Quantum Ap-
proximate Optimization Algorithm (QAOA), and cooling. For each algorithm, we also explain how
depolarizing noise affects its performance.

4.1 Adiabatic algorithm

We consider the adiabatic preparation of the ground state of a target Hamiltonian HS(θf ) starting
from the ground state of an initial Hamiltonian HS(θi). We choose θi = π/2, corresponding to a trivial
product state, and evolve towards a target HS(θf ). Following the standard adiabatic protocol [3, 35],
we employ a linear interpolation between the initial and target Hamiltonians:

H(s) = (1 − s)HS(θi) + sHS(θf ), (4.1)

where s = t/T ∈ [0, 1] is the normalized time and T is the total evolution time.
Due to the translational invariance the quadratic Hamiltonian H(s) decomposes into independent

2 × 2 blocks for each momentum mode k (see appendix B for details). The many-body dynamics thus
reduces to the independent evolution of N/2 two-level systems. Depending on the targeted value of θf ,
the interpolation path may cross the quantum critical point at θc = π/4. We analyze how the relative
energy scales in two regimes: (i) the gapped regime, described by adiabatic perturbation theory [3],
where the deviation from the ground-state energy in the absence of noise scales as T−2, and (ii) the
gapless regime (crossing the critical point), described by the Kibble-Zurek mechanism [22, 23, 36–39]
and Landau-Zener transitions [40, 41], where it scales as T−1/2.

In the ideal case, the initial state is the exact ground state |0⟩⊗N at θi = π/2. In the realistic
scenario, the initial state is the mixed state ρcool(π/2) obtained from a cooling protocol at θ = π/2.
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Since ρcool(π/2) is diagonal in the mode basis, the adiabatic evolution of each mode can be treated
independently for both cases (see appendix B.4). Moreover, as the depolarizing channel [eq. (3.12)]
commutes with the unitary evolution generated by H(s), for every traceless quadratic observable
O and every state ρ one obtains

tr
[
O eLEt(ρ)

]
= e−2κt tr(Oρ). (4.2)

Therefore, the cumulative effect of noise over the total runtime T is, at the level of quadratic observables
such as the energy, equivalent to a single damping factor2 applied after the ideal unitary evolution:
the total energy of the target Hamiltonian is multiplied by e−2κT . The same argument applies to
QAOA (see below). This creates a trade-off: increasing T reduces deviations from the ground-state
energy due to non-adiabatic transitions, but simultaneously enhances the effect of noise. The optimal
runtime T , which balances these competing effects, is analyzed in section 5.

4.2 QAOA

The QAOA circuit consists of p layers, each composed of two unitaries generated by the non-commuting
Hamiltonians HM and HP . We have

U(β,γ)[ρ] = U ρU †, U =
p∏

l=1
e−iβlHM e−iγlHP , (4.3)

where the parameters β,γ ∈ ℝp are optimized to minimize the energy of HS(θf ). We take HM and
HP to be translationally invariant and quadratic, so that the circuit factorizes into independent 2 × 2
unitaries in each (k,−k) block of even parity. Specifically, within the even-parity qubit basis defined
in section 3.1, the single-mode generators read

hM,k = σz, hP,k = cosϕkσz + sinϕkσx, (4.4)

and the l-th QAOA layer acts on mode k as

Uk,l(βl, γl) = e−iβlhM,ke−iγlhP,k . (4.5)

The full circuit factorizes as U =
⊗

k Uk with Uk =
∏p

l=1 Uk,l. While each Uk is a product of
2 × 2 unitaries, the parameters β,γ are shared across all modes and must be optimized jointly to
minimize the total energy.

Starting from an initial state ρinit =
⊗

k ρk,init, the variational energy is given by

E(β,γ) =
N/2∑
k=0

tr
[
Uk ρk,init U

†
k Hk(θf )

]
, (4.6)

where Hk(θf ) is the effective qubit Hamiltonian from eq. (3.4).
Using again that the depolarizing channel [eq. (3.12)] commutes with any unitary generated by a

quadratic Hamiltonian, its effect on quadratic observables is equivalent to applying a single depolarizing
channel Dtcirc after the full circuit, where the total coherent time is tcirc =

∑
l(|βl| + |γl|). Because

each mode Hamiltonian Hk is traceless, the energy of the maximally mixed state vanishes, and the
energy of mode k reduces to

Eκ = e−2κtcirc E(β,γ). (4.7)

We use this expression for the numerical comparisons in section 6.
2Recall that in our model, the energy of the ground state is always negative and the energy of the maximally mixed

state is zero. Hence, the maximally mixed state in eq. (3.12) does not contribute to the energy and only a damping term
appears.
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4.3 Cooling algorithm

A cooling algorithm extracts energy from the system by repeatedly coupling it to a bath prepared
in its ground state, allowing joint evolution for a cycle time τ , and then resetting the bath. In the
absence of noise, each elementary cycle is described by the completely positive trace-preserving map

E(ρS) = trB

[
e−iHSBτ (ρS ⊗ ρB)eiHSBτ

]
, (4.8)

where ρS is the system density matrix, ρB denotes the initial state of the bath, prepared in its vacuum
state, and trB denotes the partial trace over the bath. The total Hamiltonian is HSB = HS +HB +VSB,
as defined in section 3. More sophisticated schemes consist of sequences of multiple cycles with varying
parameters, such as the system-bath couplings, the cycle time τ , or the bath frequency ∆.

The analytical framework for our algorithm, developed in ref. [1], yields the following effective
description. The analytical results are derived in the weak coupling limit, the low noise limit and the
cooling limit (see appendix A for details). In the weak-coupling limit, (gτ)2 ≪ 1, a Dyson expansion of
the map [eq. (4.8)] produces effective Lindblad dynamics for each momentum mode k. Two competing
processes appear: a cooling process, peaked when the bath frequency ∆ matches the mode energy ϵk,
and a heating process, which remains small in general provided the cooling limit ϵkτ ≫ 1 holds. A
single bath frequency ∆ cools only modes near resonance, ϵk ≈ ∆, and for a fixed cycle time, accidental
resonances at (ϵk − ∆)τ = 2πn (n ∈ ℤ \ {0}) lead to unwanted heating. This can be avoided using
two different methods [1]: the first one randomizes the cycle times and adds multiple frequencies; the
second couples each bath mode to more than one of the system’s modes and optimizes the cooling
with respect to the corresponding couplings. The latter, in fact, does not need to operate in the weak
coupling limit and gives rise to better performance for the models studied in [1], although one loses the
analytical understanding of the first one. Below we detail how both methods operate.

Multi-time and frequency cooling. To cool all modes simultaneously, we employ a multifrequency
strategy with local couplings (λ0 = µ0 = 1 in eq. (3.7)). For each cooling cycle, we choose τ and
∆ randomly according to a given distribution, D(τ,∆) = D0

t (τ)D1
R,∆m,∆M

(∆). The distribution is
parametrized in terms of the mean cycle time, t, the number of frequencies, R, and the minimum and
maximum values of the bath frequencies, ∆m,∆M , respectively, which depend on ϵm,M , the bandwidth
of the system’s single-particle spectrum. Eventually, we also scale R ∝ t, as explained below.

The distribution D0 is uniform, namely τ ∈ [0, 2t] with uniform probability distribution, so that t is
the averaged time of the cycle. The value of t has to be chosen so that the weak coupling limit (gt)2 ≪ 1
is fulfilled. The distribution D1 is also uniform, but takes R discrete values in the interval [∆m,∆M ],
as explained previously.3 In order to choose those quantities, we note that in the weak coupling limit
the cooling rate as a function of the mode energy ϵk is given by a Lorentzian function centered at ∆
and with a linewidth γ0 ∝ 1/t (see eq. (A.27) and figure 3). That is, if we choose one particular ∆ it
will cool down the modes k with ϵk around the interval ∆ ± γ0. Thus, we have to choose R such that
for all k, ϵk lies within that interval for some ∆i (see figure 3 and appendix A.1.5 for details).

In order to derive analytical results, we average the map [eq. (4.8)] with respect to the distribution
D(τ,∆) and then expand the result in the weak coupling limit. In appendix A we show that after a
sufficient number of cycles, the resulting state for each pair of modes (k,−k) is O(g2t2) close to the one
obtained by those approximations. In practice, it is simpler to first expand in the weak coupling limit
and then carry out the average, as it was done in [1].4 The result is that for each pair of modes, we
obtain a rate equation with averaged cooling and heating rates, γc

k and γh
k (see appendix A). We also

3As mentioned before the analytical results derived in appendix A hold for any distribution. However, for the numerical
derivations we choose here a discrete number of frequencies.

4Note that the result is the same as if we do it the other way around, see appendix A.1.
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∆m
ϵm ϵM ∆M

2g2

γ2
0

ϵk

γk,i
c

xγ0

Figure 3. Individual cooling rates γk,i
c (Lorentzian profiles) and their sum γ̃c

k (dashed curve) as a function of
the mode energy ϵk for a set of bath frequencies {∆r} equally spaced over the interval [∆m,∆M ]. The spacing
between two adjacent frequencies is xγ0, where x is a dimensionless parameter and γ0 ∝ 1/t is the Lorentzian
linewidth. Each frequency generates a resonance peak of width γ0 centered at ϵk = ∆r and height 2g2/γ2

0 . When
the peaks overlap sufficiently (x ≲ 1), the averaged cooling rate γc

k becomes approximately independent of k,
ensuring uniform cooling of all modes in the range [ϵm, ϵM ] (green area).

estimate, in appendix A.1.4, the total time needed to reach a target fidelity, finding an improvement
over the bound of [1]. The relative energy of the steady-state of mode k in the absence of noise is

ek = 2γh
k

γc
k + γh

k

. (4.9)

Depolarizing noise of strength κ modifies this expression. Assuming a low noise limit (κt ≪ 1),
each elementary subcycle of duration τ acquires a noise contribution κτ [cf. eq. (3.12)]; averaging over
the cycle time (⟨τ⟩ = t) thus adds a term κt to both the cooling and heating rates, resulting in

ek(t) = 2γh
k + 2κt

γc
k + γh

k + 2κt
. (4.10)

When cooling dominates (γ̃c
k ≫ κt), the energy approaches the ground state (ek → 0); when noise

dominates, the system depolarizes (ek → 1). The optimal trade-off between these regimes, and its scaling
with κ, is derived in section 5.1. Let us note here that we could have also chosen a cooling algorithm
where, at each step, τ and ∆ are chosen randomly and uniformly from the interval [0, 2t] and [ϵm, ϵM ]
resp. (see appendix A). However, due to the fact that the discrete values might be experimentally
more accessible, we proceed here with the discrete distribution of ∆, detailed in section 5.1.

Variationally optimized cooling. The second strategy we employ here uses a cooling procedure
in which a cooling cycle is repeated until steady state is reached. Each global cycle is composed of a
small number of cooling cycles with nonlocal couplings (coupling range rc; see eq. (3.7)), each cycle
having its own bath frequency ∆, cycle time τ , and coupling parameters {λj , µj}. All parameters
are numerically optimized to minimize the total relative energy. As shown in ref. [1], this approach
can achieve lower energies with shorter cycle times than the multifrequency strategy, at the cost of
numerical fine-tuning. When comparing this algorithm to QAOA in section 6, we assess both its
performance under noise and its sensitivity to imperfections in the optimized parameters.

5 Analytical treatment: multifrequency cooling vs. adiabatic algorithm

Having described the three algorithms, we now compare the performance of the multifrequency cooling
and adiabatic approaches analytically. We determine the optimal relative energy each can achieve as a
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function of the noise rate κ. For the cooling algorithm, the analytical results are derived in three limits
— the weak-coupling limit (gt)2 ≪ 1, the cooling limit ϵmt ≫ 1, and the low-noise limit κt ≪ 1, all of
which are defined and used in appendix A; for these to be mutually compatible we require κ ≪ ϵm.

In both cases, the optimal energy scales as a power law in κ, with an exponent that depends on
the algorithm and the targeted quantum phase. Note that a lower exponent indicates greater resilience
to noise since the energy degrades more slowly as κ increases. We derive these exponents analytically
for the multifrequency cooling and adiabatic algorithms below.

5.1 Multifrequency cooling: ecool
opt as a function of κ

The noisy steady-state energy given in eq. (4.10) depends on the cycle time t through both the heating
rates (which decrease with longer t via sharper Lorentzian peaks) and the noise (which increases
as κt). In a noiseless setting, increasing t improves spectral resolution, which causes ek to decrease
monotonically with t. In a noisy setting a more careful optimization must be carried out, since the
effect of noise will also increase with t. We want to optimize this tradeoff to determine the best
achievable energy as a function of κ.

At fixed coupling strength g, the energy ek(t) in eq. (4.10) decreases monotonically with the cycle
time t, but the limit t → ∞ is incompatible with the weak-coupling condition (gt)2 ≪ 1 required for
the perturbative treatment. We therefore impose that gt is constant and set gt = η, fixing the product
of coupling strength and cycle time. Numerical calculations confirm that the perturbative results
remain accurate for η ≲ 0.5; see appendix A and figure 9 therein. Under this constraint, the coupling
strength decreases as g = η/t and the number of bath frequencies grows as R ≃

√
2/3(∆M − ∆m)t

(implemented as R = ⌊
√

2/3(∆M − ∆m)t⌋ + 1 when the integer nature of R matters), leaving t

as the sole free parameter.
As shown in section 4.3, the averaged cooling rate γc

k is k-independent, while the averaged heating
rate γh

k varies only weakly with k and can be bounded from above (see appendix A and figure 7). Thus,
the optimal cycle time is approximately the same for all modes. We can therefore optimize the total
relative energy by setting ∂ek/∂t = 0 at a representative mode and solving for the optimal time (see
appendix A.2 for the full calculation). With the constraint that gt is constant, in particular, gt = η,
the noise-induced heating grows as κt, while the averaged cooling rate decreases with growing t (since
γc

k ∝ g2t = η/t) and the heating rate decreases even faster with t (since γh
k ∝ g2 = η2/t2). The energy

therefore first decreases and then increases with t, reaching a minimum at an intermediate optimal
time tcool

opt ∼ (κη−2)−1/3; substituting back into eq. (4.10) gives the minimum relative energy:

ecool
opt ≈ 3

C
(A2η−2κ)1/3, with A = 1

(ϵN/4 + ∆m)(ϵN/4 + ∆M ) , C =
√

2π√
3(∆M − ∆m)

, (5.1)

where ∆M,m are the largest and smallest bath frequencies, and A is evaluated at k = N/4, i.e. in the
middle of the spectrum (the weak k-dependence is discussed in appendix A).

5.2 Adiabatic algorithm: eadiab
opt as a function of κ

To compare the performance of the cooling algorithm with the adiabatic algorithm, we now derive the
relative energy as a function of the noise rate for the latter. Starting from θi = π/2 and targeting θf ,
two qualitatively different regimes arise depending on whether the interpolation path [eq. (4.1)] crosses
the quantum critical point at θc = π/4 or not. Since H(s) is quadratic and translationally invariant, the
many-body dynamics factorizes into independent two-level problems, one for each momentum mode k.

While each individual mode undergoes standard two-level dynamics, the nontrivial step is summing
over all N/2 modes — each with a different instantaneous gap and transition amplitude — to obtain
the total energy and its scaling with T . Recall that, as the depolarizing channel commutes with the
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unitary evolution (see section 3.3), its effect on the energy is given by an overall damping factor e−2κT .
Non-adiabatic effects increase the deviation from the ground-state energy for faster processes, whereas
depolarizing noise leads to higher energies for longer evolution times. The competition between these
two mechanisms gives rise to an optimal runtime that minimizes the achievable energy.

We sketch the derivations below (full details are given in appendix B). Throughout, we use the
superscripts “prod” (product/trivial phase) and “ent” (entangled/topological phase) to distinguish
the results for the two phases, as they give different scalings. In table 1 we summarize the scalings
of the relative energy as a function of κ for both the cooling and adiabatic algorithms.

Trivial phase, no crossing (θf > π/4). When the adiabatic path does not cross the critical
point, the spectral gap remains of order O(1) for all modes throughout the evolution. Applying
first-order adiabatic perturbation theory [42] to each 2 × 2 mode block, we expand the time-evolved
state in the instantaneous eigenbasis and find that the transition amplitude to the excited state is
given by an oscillatory integral whose rapid phase oscillations (at rate ∝ T ) suppress contributions
from the bulk of the integration domain; only the boundary terms survive. This yields transition
probability |c1(k)|2 ∝ T−2 for each mode (see appendix B). Summing over all modes, the final energy
in the absence of noise takes the form

E ≈ EGS

(
1 − Ã

T 2

)
, with Ã ≈ cos2 θf

8 . (5.2)

Including the damping factor due to noise, e−2κT , and expanding for κT ≪ 1, the total energy becomes
E ≈ EGS(1− Ã/T 2 −2κT ). The non-adiabatic contribution (∝ T−2) is suppressed at large T , while the
noise contribution (∝ κT ) is small at short T . Optimizing over T under the constraint κT ≪ 1 gives

T prod
opt ≈

(
Ã

κ

)1/3

, and eprod
opt ≈ 3Ã1/3κ2/3. (5.3)

Topological phase, crossing the critical point (θf < π/4). When the adiabatic path crosses the
critical point, the spectrum of mode k = N/2 becomes gapless, while nearby modes also develop very
small gaps. As a result, the system is particularly susceptible to excitations in this region.

Close to the critical point, the dynamics of modes near k = N/2 can be approximated by the
well-known Landau-Zener model [40, 41]. This model calculates the excitation probability of a two-level
system evolution that starts in the ground state and goes through an avoided crossing at some speed
(for details, see appendix B). We use this model to analyze each mode k in our system. The energy
levels approach the avoided crossing with a “velocity” set by vLZ = 2/T , while the minimum gap in
this crossing depends on how far the mode is from k = N/2, which is captured by the parameter
δk = 2πk/N − π. Within this approximation, the excitation probability takes a Gaussian form,

P k
LZ = exp

(
−πGT δ2

k

)
, (5.4)

where G = cos2 θf/(1 + cos θf − sin θf )3 depends only on the final parameter θf . For large evolution
time T , this Gaussian becomes sharply peaked around k = N/2, meaning that only a narrow range
of modes is excited. The width of this region scales as ∼ 1/

√
T , which is the characteristic behavior

predicted by the Kibble-Zurek mechanism [22, 23, 38].
By approximating the sum over modes as an integral, one finds that the energy deviation from

the ground state decreases as

E ≈ EGS

(
1 − B̃√

T

)
, (5.5)
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where B̃ is a constant of order one that depends on θf and on the behavior of the spectrum near
the critical point.

Including the effect of noise and optimizing over the total evolution time T yields

T ent
opt ≈

(
B̃

4κ

)2/3

, eent
opt ≈ 3

21/3 B̃
2/3κ1/3. (5.6)

Compared to the trivial phase, the energy approaches the ground state more slowly with increasing
T (as T−1/2 rather than T−2). Even though we find a more favorable scaling with κ than in the trivial
phase, the relative energy is higher due to the prefactors.

Finally, at very low noise, the energy cannot be reduced arbitrarily. This is because the mode
k = N/2 has exactly zero gap at the critical point and is therefore always excited, no matter how
slow the evolution is. This sets a lower bound on the energy that is independent of κ. The crossover
between this finite-size limit and the κ1/3 scaling occurs when κ1/3 ∼ ϵN/2/|EGS|, and shifts to smaller
values of κ as the system size N increases (see appendix B and figure 5).

Figure 4 compares the analytic cooling and adiabatic algorithms across four representative target
values of θf , all starting from θi = π/2 on a system of N = 100 sites. For each value of κ, both the
total adiabatic evolution time T and the cooling cycle time t are independently optimized to minimize
the relative energy. One of the key findings is that the results are phase-dependent. In the trivial
phase [panel (a), θf = π/3], the adiabatic κ2/3 scaling gives lower energy than cooling’s κ1/3 across the
entire range of κ shown, because the small prefactor Ã ≈ cos2 θf/8 keeps the adiabatic energy well
below the cooling curve. In the topological phase [panels (b)–(d)], Landau-Zener excitations near the
gap-closing momentum reduce the noiseless convergence to T−1/2, so after optimization both algorithms
scale as e ∝ κ1/3. The relative performance is then determined by prefactors: as θf decreases deeper
into the topological phase, the adiabatic prefactor B̃ grows while the cooling prefactor stays roughly
constant. The ideal adiabatic algorithm gives slightly lower energy at θf = π/6 [panel (b)], the two are
comparable at θf = π/8 [panel (c)], and cooling gives lower energy at θf = π/10 [panel (d)].

At small κ in panels (b)–(d), the adiabatic curves flatten to a noise-independent floor: the mode
k = N/2 has exactly zero gap at the critical point and is unavoidably excited regardless of sweep
time. This floor shifts to smaller κ with increasing N (figure 5).

Figure 1 maps out the difference ecool − eadiab across the full (θ, κ) plane in the limit N ≫ 1.
Dark regions indicate that cooling achieves lower energy (“C”); bright regions (“A”) indicate that
the adiabatic algorithm does; the black contour marks equal performance. In the topological phase
[panels (a, c)], cooling outperforms the adiabatic algorithm throughout most of the plane. In the trivial
phase [panel (b)], the adiabatic algorithm, with scaling κ2/3 leads to lower energies. Panels (c, d) show
the realistic scenario (initial state ρcool(π/2)); the imperfect initialization adds a κ2/3 contribution that
shifts the equal-performance contour in favor of cooling, especially at high noise [panel (d), κ ≳ 10−3].

These power-law behaviors found analytically rely on the assumption of large-N ; for sufficiently
small κ, the adiabatic curves can cross over to a different regime due to finite-size effects (see
figure 5), so the κ2/3 and κ1/3 laws found analytically hold within a finite window κ ∈ [κmin, κmax],
as shown in appendix B.

6 Numerical optimization: QAOA vs optimized cooling

The analytical expressions for the relative energy as a function of the noise rate, derived in section 5,
enable a fair comparison between the multifrequency cooling and adiabatic algorithms. Here, we study
how the variational approach, QAOA, performs relative to those state-preparation protocols. We
perform a direct numerical optimization over the full parameter space (θ, κ).
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π/2 → π/3

(a)

π/2 → π/6

(b)

π/2 → π/8

(c)

π/2 → π/10

(d)

Figure 4. Optimal relative energy eopt (log scale) as a function of the noise strength κ (log scale) for N = 100
sites, comparing three protocols: analytic cooling with gt = 0.5 and ∆M(m) = ϵM(m) ± 0.4 (blue circles), ideal
adiabatic with initial state |0⟩⊗N (orange squares), and realistic adiabatic with initial state ρcool(π/2) (green
squares). Dashed lines show the analytic predictions from eq. (5.1) (blue, κ1/3) and appendix B (orange, green).
(a) θf = π/3 (trivial phase): the adiabatic κ2/3 scaling gives lower energy than the achievable rate of the cooling
algorithm, which is κ1/3. (b) θf = π/6 (topological phase): both scale as κ1/3; the adiabatic algorithm gives
slightly lower energy. (c) θf = π/8: the two algorithms become comparable. (d) θf = π/10: cooling gives lower
energy than both adiabatic protocols. In panels (b)–(d), the adiabatic curves flatten at small κ due to the
unavoidable excitation of the zero-gap mode k = N/2.

Figure 5. Optimal relative energy eadiab
opt as a function of the noise rate κ for different system sizes N and target

θf = π/10 for the ideal adiabatic algorithm. The smaller the system size, the more prominent the effect of the
k = N/2 mode is, and the larger the κmin where the crossover (predicted by the vertical lines) happens. The
predicted plateau values of log10 e are determined by the finite-size floor 2ϵN/2/|EGS|.

For the variational protocols studied in section 6, i.e. QAOA and optimized cooling, we find that
both outperform the particular linear-ramp adiabatic protocol of eq. (4.1). Although alternative
adiabatic paths could yield improved performance, optimizing such paths is beyond the scope of this
work. Consequently, the adiabatic algorithm is excluded from the final comparison performed here.

Our numerical comparison proceeds in two steps. First, we compare the relative energies achieved
by cooling and QAOA using optimally tuned parameters. Since such precise parameter settings are
typically not accessible in experiments, we then analyze the robustness of both approaches under
perturbations of the optimized parameters.

Before we begin with the comparison, let us make the following general remark. While QAOA
performs well in the trivial phase, it struggles to prepare the ground state near θ = 0. The limit
θ → 0 corresponds to a Kitaev/Majorana chain, which realizes a symmetry-protected topological
(SPT) phase [43]. Preparing an SPT state from a trivial product state using a local unitary circuit
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Figure 6. Optimal relative energies ecool
opt and eQAOA

opt as a function of θ/π and log10 κ for N = 20 with 20 free
parameters. Left: optimized cooling with coupling range rc = 1.5 and two cooling cycles. Right: QAOA with
p = 10 layers. Both algorithms use as initial state ρcool(π/2). The color bar applies to both panels. Cooling
achieves lower energies in the topological phase (θ ≲ π/4), while QAOA performs comparably or better in the
trivial phase (θ ≳ π/4). Panel (d) of figure 2 shows the same optimized data as a two-dimensional heatmap.

such as in QAOA requires a circuit depth that scales linearly with N [44, 45]. Since the QAOA
circuits considered here have constant depth in the sense that the number of layers p does not scale
with N , and the initial state is close to a product state, QAOA is expected to face difficulties in
efficiently preparing a state with high fidelity with respect to the ground state. This result gives some
intuition as to what energies we should expect to observe in both phases for QAOA. In contrast to
that, the cooling algorithm is non-unitary and thus not subject to these circuit-depth constraints
(other cooling and dissipative approaches based on continuous sweeps have also been explored for
topological phases [49, 50]). Since the performance of the cooling algorithm mostly depends on the
energy spectrum of the system, and this spectrum is symmetric with respect to θ = π/4, we expect
cooling to work roughly equally well in both phases.

6.1 Optimal energies with exact optimal parameters

This subsection compares the best energies obtained when QAOA and optimized cooling are implemented
with their numerically optimized parameters.

We proceed with the comparison as follows. For the cooling protocol, we choose a coupling range
rc and allow two different cooling cycles. Each of them is characterized by its own bath frequency ∆,
cycle time t, and coupling parameters {λj , µj}, giving a total of Npars = 8(rc + 1) free parameters. For
QAOA, we use p = 4(rc + 1) layers, giving the same total number of free parameters, 2p, as we have
two parameters βl, γl for each layer. For the numerics, we chose rc = 0.5 and rc = 1.5, which amounts
to 12 and 20 free parameters, respectively. The half-integer coupling ranges follow the convention of
ref. [1], where rc = 0.5 means only the j = +1 neighbor is coupled and not the j = −1.

Since the exact ground state |0⟩⊗N at θ = π/2 cannot be prepared perfectly in the presence of
noise, we use the same realistic initial state for both algorithms: the steady state obtained from
cooling at θ = π/2, denoted ρcool(π/2). Note that this steady state may, in general, differ from the one
derived in appendix A.4 and utilized before, since the cooling protocol used here is the variationally
optimized one rather than the analytic single-frequency scheme. To avoid inconsistencies, we compute
this “realistic initial state” numerically for each parameter set.
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All parameters are optimized using the BFGS algorithm as implemented in the Optim.jl package
for Julia. For each (θ, κ) grid point, we perform three independent optimization runs from random
initial parameter vectors and retain the set yielding the lowest energy. We note that while we focus
here on standard implementations with equal parameter counts, QAOA and cooling protocols could
both be further improved using advanced optimization strategies [51, 52].

Figure 6 shows the optimal relative energies as three-dimensional surface plots over the (θ/π, log10 κ)
plane for N = 20 sites. Both surfaces decrease (i.e., improve) as κ decreases and as θ approaches
π/2. The main difference arises near θ = 0 (topological phase). There, QAOA faces limitations, which
might be related to the SPT depth constraint mentioned above, whereas cooling attains lower energies.
In the trivial phase (θ → π/2), the performance of both algorithms is comparable. Therefore, in the
SPT phase, there is a clear advantage of cooling with respect to QAOA.

6.2 Parameter resilience

In practice, control parameters cannot be implemented exactly. To quantify the sensitivity of each
algorithm to such imperfections, we introduce random relative perturbations to the optimized para-
meters. Specifically, for an optimized parameter vector ϑ = (ϑ1, . . . , ϑM ), we sample i.i.d. variables
uj ∼ Unif[−δ, δ] and replace each parameter as ϑj 7→ ϑj(1 + uj). For each perturbation strength δ, we
compute the resulting relative energy and average over 100 independent realizations.

Figure 2 shows the difference of the relative energies, ecool
opt − eQAOA

opt , across the (θ, κ) plane.
Panels (a, d) show the comparison with exact optimal parameters (δ = 0): QAOA gives lower energies
in the trivial phase (θ > π/4), while cooling gives lower energy in the topological phase (θ < π/4).
Panels (b, e) show the same comparison with 2% relative deviations (δ = 0.02), and panels (c, f)
with 5% deviations (δ = 0.05). As the deviations grow, the region in which cooling gives lower
energy expands noticeably, demonstrating that the cooling protocol is more robust to parameter
imperfections than QAOA.

This greater robustness of cooling can be attributed to its convergence to a fixed point: the steady
state is an attractor of the cooling map, so small perturbations in the coupling parameters shift the
attractor only slightly. In contrast, QAOA produces a single time-evolved state whose energy is directly
sensitive to each parameter value, which does not have any stabilizing effect from a fixed-point structure.

7 Conclusion and outlook

We have developed a unified framework for comparing ground-state preparation algorithms — multi-
frequency cooling, adiabatic evolution, and QAOA — in the presence of depolarizing noise, applied
to an exactly solvable family of quadratic fermionic Hamiltonians.

Our central analytical result is the derivation of scaling laws for the achievable relative energy as a
function of the noise rate κ (table 1). In the trivial (gapped) phase, the adiabatic algorithm achieves
a κ2/3 scaling which, together with its small prefactor in the gapped regime, yields lower relative
energies than the κ1/3 cooling result in the parameter range studied here. In the topological phase,
where the adiabatic path crosses a quantum critical point, both algorithms scale as κ1/3. However,
cooling achieves lower prefactors for the targeted values of θf deep in the topological phase. No single
algorithm dominates across the full phase diagram. That is, the optimal strategy is phase dependent.

Numerical optimization of QAOA and numerically optimized cooling algorithms lead to a similar
picture. QAOA performs competitively with cooling in the trivial phase but is outperformed in the
topological regime. This is consistent with the circuit-depth constraints on preparing symmetry-
protected topological states from product states. The cooling protocol also exhibits greater robustness
to parameter imperfections (figure 2), a practical advantage for realistic implementations.
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Several open questions remain. Most importantly, future work should investigate whether the
phase-dependent advantage of cooling persists for interacting, non-integrable Hamiltonians, where the
structure of the spectrum and the nature of the phase transition change qualitatively. Optimizing the
adiabatic schedule beyond the linear ramp (e.g., via counterdiabatic driving [46]) and combining cooling
with variational optimization of bath parameters, or using machine learning methods to dynamically
optimize the cooling cycle, are additional directions worth exploring.

Let us also mention that our multifrequency cooling strategy shares conceptual similarities with
the filtered Lindbladian approach of Zhan et al. [12], though the mechanism (cooling vs dissipative
state preparation), and also the implementations differ: static couplings with randomized cycle times
and frequencies (ours) versus time-dependent couplings (theirs). A systematic comparison of these
complementary approaches in terms of convergence time and time to solution would be valuable,
especially in a noisy setting.

On the experimental side, incorporating Trotterization errors [47] for digital implementations and
gate-level noise models would connect our continuous-time analysis to near-term superconducting [14]
and trapped-ion [48] platforms. More broadly, the analytical approach developed here — deriving
closed-form noise scaling laws and comparing them across quantum phases — provides a template
for benchmarking ground-state preparation algorithms beyond the specific model and noise channel
studied in this work.

Acknowledgments

This research is part of the Munich Quantum Valley, which is supported by the Bavarian state
government with funds from the Hightech Agenda Bayern Plus. The research is partly funded by
THEQUCO as part of the Munich Quantum Valley, which is supported by the Bavarian state government
with funds from the Hightech Agenda Bayern Plus. The work is partially supported by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) under Germany’s Excellence Strategy -
EXC-2111 - 390814868. The work at MPQ is supported from the German Federal Ministry of Education
and Research (BMBF) through the funded project ALMANAQC, grant number 13N17236 within the
research program “Quantum Systems”. Furthermore, we acknowledge the BMW endowment fund.
D.M. and B.K. acknowledge funding from the HORIZON-CL4-2021-DIGITAL-EMERGING-02-10
under grant agreement No. 101080085 (QCFD).

Appendix

A Multifrequency cooling: analytical derivations

In this appendix, we derive the analytical scaling laws for the multifrequency cooling protocol under
depolarizing noise. We proceed in three stages: we first review the multifrequency cooling algorithms
in the weak coupling regime, where we focus on the specific choice of times and frequencies presented
in section 5 (appendix A.1); we then derive the steady-state relative energy of each mode in the
presence of noise (appendix A.2) and optimize the cycle time to obtain the lowest achievable energy
as a function of the noise rate (appendix A.3). Finally, in appendix A.4, we treat a single frequency
protocol and show that it is advantageous in the edges of the spectrum. We also bridge the region
close to the edges of the spectrum with a few-frequency protocol.

A.1 Weak-coupling and cooling limits

In section 5 we provided some analytical expressions for the energy in steady state after the cooling
procedure in the presence of noise. Those are valid in the weak coupling and cooling limits, and for
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low noise rate. Furthermore, they will be obtained after averaging over different realizations of the
cooling maps. In this subsection we show that such average faithfully describes the cooling process,
and derive the analytical expressions for the steady state in both the weak coupling and cooling limits.
In the following subsection, we will also include noise in this derivation.

We consider the map Ek,τ,∆ describing a cooling cycle for the density operator in a sector including
the modes labeled by (k,−k),5 where τ and ∆ are the cycle time and bath frequency, respectively.
They are randomly chosen from flat distributions τ ∈ [0, 2t] and ∆ ∈ [∆m,∆M ] with

∆M > ϵM ≥ ϵm > ∆m > 0,

where ϵm,M are the minimum and maximum values of the mode energy ϵ. This ensures that all modes
are cooled, as described in [1]. Note that we have assumed that the Hamiltonian is gapped, i.e. ϵm > 0.

For a given realization we can write the action of the next cooling cycles as a sequence

ρℓ+1 = Ek,τℓ+1,∆ℓ+1(ρℓ) (A.1)

where ρℓ is the density operator corresponding to the modes with momenta ±k at cycle ℓ, and τℓ,∆ℓ

the corresponding values chosen for the map. In the following, for the sake of simplicity we will omit
all the subscripts whenever they are not needed. We are interested in the state ρℓ for ℓ ≫ 1. Although
no steady state will be reached by applying all those maps, since at each time step we apply a different
random channel, we will demonstrate that the final state (for ℓ ≫ 1) will be close to the steady state of
the map that is obtained by averaging Ek,τ,∆ with respect to τ and ∆, as long as we restrict ourselves
to the weak-coupling limit gt ≪ 1. Furthermore, we will use the cooling limit ϵmt ≫ 1 in order to
obtain simple analytical expressions for that steady state.

We have divided the remainder of this subappendix into five parts. In the first, we set up the
method used to compute both the steady state of the averaged map and its standard deviation. From
there it will be clear that averaging the map and expanding it in the weak coupling and cooling limits
can be performed in any order to approximate the steady state of such a map. In the second, we
explicitly compute that steady state in the weak-coupling limit. In the third, we evaluate the standard
deviation and show that, in this limit, each individual realization — the state obtained after applying
ℓ ≫ 1 cooling maps with random τ and ∆ — is close to the stationary state of the averaged map. In
section A.1.4 we further expand the resulting state, and the cooling and heating rates, in the cooling
limit. Finally, in section A.1.5 we consider a discrete distribution for the values of ∆, which is needed
to analyze the dependence of the final energy on the number of frequencies, as discussed in section 5.1.

A.1.1 Averaged map and steady state

Given the fermion parity superselection rule, all the information about ρ is contained in the following
expectation values:

n = 1
2
(
⟨a†

kak⟩ + ⟨a†
−ka−k⟩

)
, (A.2a)

d = ⟨a†
kak⟩ − ⟨a†

−ka−k⟩, (A.2b)

p = ⟨a†
ka

†
−k⟩ (A.2c)

q = ⟨a†
ka−k⟩. (A.2d)

We can define a vector P = (n, d, p, p∗, q, q∗), so that the sequence in eq. (A.1) can be equally written as

Pℓ+1 = Xℓ+1Pℓ + Yℓ+1 (A.3)
5Recall that the evolution of the mode pairs (k, −k) decouples and, therefore, we can consider them separately.
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where Xℓ, Yℓ are a matrix and a vector, respectively, which depend on both τℓ and ∆ℓ.
We are interested in Pℓ in the limit ℓ → ∞, since this contains the information about the final

energy and therefore about the success of the cooling process. For each realization, we will obtain a
different result since it contains different choices of the cycle times and bath frequencies, and thus
Pℓ follows a distribution itself. In order to characterize it, we may consider its mean value and the
standard deviation (or, more generally, the covariance matrix). In case the latter is small, the cooling
will be well characterized by the first. In the next subsection we will show that the standard deviation
is O((gt)2), so that in the weak-coupling limit we can confidently extract the conclusions about the
success of the cooling process from the averaged values.

We define P̄ℓ as the vector obtained when averaging over Pℓ with respect to all previous choices
of τ and ∆, following the distributions mentioned above. Then we have,

P̄ℓ+1 = X̄P̄ℓ + Ȳ (A.4)

where the bar indicates the average with respect to the ℓ + 1 random values of τ and ∆ chosen in
the ℓ+ 1 different steps. Note that the average of Xℓ+1Pℓ can be written as the product of averages
since the first only depends on the choice of τ and ∆ in step ℓ + 1, while the second depends on
all previous steps. In the limit ℓ → ∞, we obtain

P̄ = lim
ℓ→∞

P̄ℓ = (𝟙 − X̄)−1Ȳ (A.5)

In order to compute the standard deviation of the distribution, we consider

Pℓ+1 ⊗ Pℓ+1 = (Xℓ+1Pℓ + Yℓ+1) ⊗ (Xℓ+1Pℓ + Yℓ+1) (A.6)

Then, we average with respect to all realizations, and take the limit ℓ → ∞ to obtain

Q = P ⊗ P − P̄ ⊗ P̄ (A.7)

which contains all the information about the corresponding covariance matrix. Once we obtain the
results for P̄ and Q, we can perform the expansions in the weak coupling and cooling limit, which
involve expanding X̄, X ⊗X, etc. in terms of gt and ϵmt. Crucially it holds that, for all those quantities,
the average of the expansion coincides with the expansion of the average. Thus, we can first do the
expansion in gt, then take the average, and finally the expansion in ϵmt. Indeed, we will do that in
the subsequent subsections since this heavily simplifies the derivations.

A.1.2 Average in the weak-coupling limit

We will first expand the map Ek,τ,∆ up to second order in η = gt and then average it with respect to τ
and ∆. Both steps were carried out in [1], so we will take some of the results from there. Note, however,
that in that reference we averaged over a discrete distribution in ∆, while here we will consider a
continuous distribution in order to get simpler formulas. At the end of this section we will also consider
a discrete distribution in which the discretization depends on t, since most of the computations in
the main text have been carried out for such a distribution.

In the weak coupling limit, η2 = (gt)2 ≪ 1 we have that the cooling map can be transformed
via a Dyson expansion into the following Lindbladian form [1]:

E(ρ) = e−ihSτ
(
ρ+ η2(Ll1 + Ll2)(ρ)

)
eihSτ + O(η4). (A.8)
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Here, LO denotes the Lindblad superoperator LO(ρ) = OρO† − 1
2{O†O, ρ}, and

hS = ϵ(â†
kâk + â†

−kâ−k), (A.9)

l1 = xâk − iyâ†
−k, (A.10)

l2 = xâ−k − iyâ†
k, (A.11)

with ϵ the energy of the fermionic modes and coefficients x and y given by

x = 1
τ

∫ τ

0
ei(ϵ−∆)τ ′ dτ ′ = 1 − ei(∆−ϵ)τ

i(∆ − ϵ)τ , (A.12)

y = −1
τ

∫ τ

0
ei(ϵ+∆)τ ′ dτ ′ = 1 − ei(∆+ϵ)τ

i(∆ + ϵ)τ . (A.13)

We have that |x|, |y| ≤ 1, since τ ∈ [0, 2t] and the bound is reached for the resonances (∆ ± ϵ)τ ≪ 1.
As explained in [1], the interpretation of this map is that apart from the system evolution, e−ihSτ ,
we have dissipative terms resulting from the weak coupling to the bath.

We can now use this equation to obtain the change of the parameters in eq. (A.2) in one cooling cycle,

nℓ+1 = nℓ + η2
[
|y|2 − |z|2nℓ + i(x∗y − xy∗)(pℓ + p∗

ℓ )
]
, (A.14a)

dℓ+1 = (1 − 2η2|z|2)dℓ, (A.14b)

pℓ+1 = e2iϵτ
[
(1 − 2η2|z|2)pℓ + 2iη2xy∗dℓ

]
, (A.14c)

qℓ+1 = (1 − 2η2|z|2)qℓ, (A.14d)

where we have defined |z|2 = |x|2 + |y|2, and we have dropped the subscript ℓ in x, y and z. From
these equations, we can easily retrieve the matrix X and the vector Y defined in eq. (A.3) and then
compute the corresponding averages in the limit ℓ → ∞. However, before doing that, note that for
any realization we have that |dℓ|, |pℓ|, |qℓ| → 0 in that limit.6 Since we are neglecting terms O(η4), we
conclude that all those quantities are of that order in the limit ℓ → ∞. In particular, we can replace
those values of pℓ in the equation for nℓ+1 so that for sufficiently large ℓ we have

nℓ+1 = nℓ + η2
[
|y|2 − |z|2nℓ

]
+ O(η4). (A.15)

We can now average eq. (A.15) with respect to τ and ∆, obtaining

n̄ℓ+1 − n̄ℓ = −(γc + γh)n̄ℓ + γh + O(η4), (A.16)

where
γc,h = g2

∆M − ∆m
[F (∆M ∓ ϵ, t) − F (∆m ∓ ϵ, t)] , (A.17)

with
F (ϵ, t) = sin(2ϵt)

2ϵ2t + cos(2ϵt) − 2
ϵ

+ 2t Si(2ϵt)

and Si(y) is the sine integral function. We can thus write

n̄k = lim
ℓ→∞

n̄ℓ = γh

γh + γc , (A.18)

6The reason for that is that both coefficients in front of dℓ and qℓ are smaller than 1 (for all but possibly a zero
measure set of choices of the pairs (τ, ∆)). Hence, in the limit ℓ → ∞ both, dℓ and qℓ, will vanish. Setting dℓ = 0 in the
equation for pℓ+1 we also have that the absolute value of p decreases to 0 and therefore pℓ vanishes too.
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which coincides with the averaged map obtained in [1]. Note that, n̄ together with d, p, q = 0 contains
all the information about the final state (for the average) in the limit ℓ → ∞. Moreover, we have
⟨a†

kak⟩ = ⟨a†
−ka−k⟩ (since d = 0), which implies in particular that the final state has a k ↔ −k

symmetry and, clearly, that there is a unique stationary state for the average map. From the averaged
rates we can also obtain the steady-state energy

E∞ = −ϵ(1 − 2n̄) = ϵ
−γc + γh

γc + γh + O(g2t2). (A.19)

This result coincides with the one found in [1], but now we show its validity for any chosen distribution
of times and frequencies.

A.1.3 Standard deviation

We can also compute the standard deviation of the distribution of nℓ by squaring eq. (A.16), obtaining

n2
ℓ+1 = n2

ℓ + 2η2
[
|y|2 − |z|2nℓ

]
nℓ + O(η4). (A.20)

Averaging over realizations and taking the limit ℓ → ∞ we obtain the following variance:

lim
ℓ→∞

n2
ℓ − nℓ

2 = O(η2). (A.21)

Note that the same is true of the other variables in eq. (A.14). Thus, as announced, in the weak-coupling
limit each realization, i.e. the state obtained after applying ℓ ≫ 1 random cooling maps, will converge
to a state close to the one obtained with the averaged map.

We emphasize that, independent of the weak-coupling limit, the standard deviation is upper
bounded by n̄, since 0 ≤ nℓ ≤ 1.7 Thus, n̄ ≪ 1 is sufficient in order to ensure that cooling will take
place for most of the realizations. Additionally, since the average map converges to the steady state in
constant time, each of the realizations will also provide cooling in constant time.

A.1.4 Cooling limit

We consider now the cooling limit, defined as ϵmt ≫ 1. Let us first concentrate on the heating rate,
γh. Since |∆m,M + ϵM |t ≥ ϵmt ≫ 1, we can expand eq. (A.17) and obtain

γh = 2g2

(∆M + ϵ)(∆m + ϵ) + O
(
t−2
)
. (A.22)

Here, we have taken into account that the arguments of F are both positive. For γc, however, one is
positive and the other negative. Assuming (∆M − ϵ)t, (ϵ − ∆m)t ≫ 1 we obtain

γc = 2πg2t

∆M − ∆m
+ O(1) . (A.23)

Note that the conditions above are implied by the cooling limit if we choose

∆m = ϵm/2, ∆M = ϵM + ϵm/2. (A.24)

With all that, we obtain the following simple expression for n̄ and therefore for the final state,

n̄ = 2(∆M − ∆m)
π t (∆M + ϵ)(∆m + ϵ) . (A.25)

7This follows trivially from n2
ℓ − nℓ

2 ≤ n2
ℓ ≤ nℓ.
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With these results, we can also compute the time required to cool the system. For that, we can use
eq. (A.16) combined with the cooling limit derived here. In case we want to obtain a value of nℓ = O(δ),
where δ is a small parameter, we need to choose, according to (A.25), t = O(1/δ). Furthermore, the
total time required to reach that values is Mt, where M is the number of cooling steps. In order to
obtain that, we define mℓ = nℓ − n̄, which fulfills the recursion equation mℓ+1 = (1 − γc − γh)mℓ.
Thus imposing that mℓ = O(δ) we need M = O(log(δ−1)/γc). Furthermore, since γc = O(g2t), and
g = O(1/t) in order to respect the weak coupling limit, we have that the total time

T = O(Mt) = O(t2 log(δ−1)) = O(δ−2 log(δ−1)). (A.26)

In case we are interested in reaching a fidelity F = 1 −O(δF ) we need to choose δ = δF /N , so that
the total number of excitations is O(δF ). Thus, the total time scales as TF = O(N2δ−2

F log(N/δF )).
This improves over the value obtained in [1].

A.1.5 Discrete distribution

We now consider a discrete distribution for ∆ composed of R ∝ t frequencies, equally distributed in the
interval [∆m,∆M ] with a spacing ∝ t−1. We have ∆M(m) = ϵM(m) + (−)δ, with δ a constant. In the
terminology used in the main text, the regime R ≫ 1 is the many-frequency regime; in the limit R → ∞
the discrete sum approaches the continuum case, derived above. We proceed as follows. Firstly, we
average with respect to time. This average can then be approximated by a Lorentzian function, yielding

γc
∆ = 2g2

(∆ − ϵ)2 + γ2
0
, γh

∆ = 2g2

(∆ + ϵ)2 + γ2
0
, (A.27)

where 2γ0 =
√

6/t is the effective linewidth. In the expression for γh
∆, this linewidth term can be

neglected as we do not consider negative frequencies, thus (∆ + ϵ)t ≫ 1 due to the cooling limit and
∆ + ϵ ≫ γ0. Choosing the spacing xγ0, we have

R = ∆M − ∆m

xγ0
, (A.28)

and we find bounds for our averaged cooling rate at any given k:

γc
k1 = 2g2

Rγ2
0

(
1 + 2

∞∑
n=1

1
n2x2 + 1

)

= 2
√

6πg2t

3(∆M − ∆m) coth
(
π

x

)
, (A.29)

γc
k2 = 2g2

Rγ2
0

2
∞∑

n=1

1
(n− 1

2)2x2 + 1

= 2
√

6πg2t

3(∆M − ∆m) tanh
(
π

x

)
, (A.30)

min{γc
k1 , γ

c
k2} ≤ γc

k ≤ max{γc
k1 , γ

c
k2} = O(g2t), (A.31)

where k1 is a mode located exactly in resonance with some ∆i and k2 is located exactly between
two resonance peaks. The difference γc

k1
− γc

k2
tends to zero for x/π ≪ 1: since coth(y) − tanh(y) =

2/ sinh(2y), the two rates become equal for x → 0. Therefore, choosing x/π ≪ 1 makes the bounds
in (A.31) equal and γc

k independent of k (see figures 7 and 8). We choose x = 1 as it fulfills this
approximation while at the same time keeping the number of frequencies R small, yielding

γc ≈ 2
√

6πg2t

3(∆M − ∆m) . (A.32)
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∆m
ϵm ϵM ∆M

2g2

γ2
0

(a)

∆m
ϵm ϵM ∆M

2g2

γ2
0

(b)

∆m
ϵm ϵM ∆M

2g2

γ2
0

(c)

Figure 7. Rescaled averaged cooling rate Rγc
k versus mode energy ϵk for three configurations of bath frequencies.

The interval [ϵm, ϵM ] marks the system’s spectral range; [∆m,∆M ] marks the bath frequency range. (a) Too
few frequencies: pronounced peaks and valleys lead to strongly non-uniform cooling. (b) Sufficiently many
frequencies but short cycle times (broad linewidth γ0): resonance peaks extend well beyond the spectrum.
(c) Many frequencies with long cycle times (narrow linewidth): the averaged rate is approximately flat across
[ϵm, ϵM ] and decays sharply outside, yielding the desired uniform cooling profile.

Note that one should obtain the same result as in eq. (A.23), found in the continuum limit, but
the prefactor is slightly different due to the Lorentzian approximation done in eq. (A.27). For the
averaged heating rate [eq. (A.22)], the result does depend on k, but can be upper-bounded by γh

−N/2
or roughly approximated by γh

−N/4.
Let us make a few remarks. Firstly, we have chosen ∆M,m such that the modes at the edges of the

spectrum can still be treated as modes in the middle of the spectrum. Choosing ∆M(m) = ϵM(m) +(−)δ,
as we do for the discrete distribution, we require δt ≫ 1 to remain in the cooling limit and for the
analytical results to hold. However, it can be favorable to choose less frequencies, even if the edges
of the spectrum are cooled unevenly and δt ≫ 1 is not fulfilled. This is the case, for example, in the
presence of noise, where unneeded frequencies are detrimental.

We also remark that cooling will become less effective near the phase transition. This is due
to two crucial details. The first is that the choice of ∆M,m needs to be such that the edges of the
spectrum ϵM,m are surrounded by resonant frequencies on both sides. Near the phase transition, where
ϵm → 0, this cannot be achieved, since adding frequencies below ϵm (possibly negative) would imply
reheating other modes. The cooling limit ϵmt ≫ 1 also indicates that cycle time must be inversely
proportional to the gap, which will ask for an unfeasible t.

Finally, as mentioned before, a similar flat-rate profile was obtained in ref. [11]. However, in
contrast to the choice of random cycle times and multiple frequencies proposed here, the authors of
ref. [11] achieve a similar profile with time-dependent couplings.

A.2 Steady-state energy in the low-noise limit

We now include depolarizing noise and derive the steady-state relative energy of mode k in the low-noise
limit κt ≪ 1. In the main text the noise is written as a channel [eq. (3.12)], equivalently generated by
the depolarizing master equation [eq. (3.11)]. Acting on a mode pair during one cooling subcycle of
duration τ it reads Dτ (ρ) = e−2κτρ + (1 − e−2κτ )𝟙4 and drives the average occupation towards that
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of the maximally mixed state, n̄ = 1/2, as n̄(τ) = e−2κτ n̄(0) + (1 − e−2κτ )/2, i.e. ˙̄n = −2κ(n̄ − 1
2).

In the low-noise limit κτ ≪ 1 we expand to first order in κτ and, since the depolarizing generator
commutes with both the coherent evolution and the cooling Lindbladian, add this contribution directly
to the single-realization recursion [eq. (A.15)],

nℓ+1 = nℓ + η2
(
|y|2 − |z|2nℓ

)
− 2κτ

(
nℓ − 1

2

)
(A.33)

with corrections of order O[η4, /κt)2, η2κ]. Averaging with respect to τ and ∆ (recall ⟨τ⟩ = t) we obtain

n̄ℓ+1 − n̄ℓ = −(γc + γh)n̄ℓ + γh − 2κt(n̄ℓ − 1
2)

= −(γc + γh + 2κt)n̄ℓ + (γh + κt). (A.34)

This is precisely the noiseless recursion [eq. (A.16)] with the replacement γc,h → γc,h + κt, which
establishes

γc,h
noisy = γc,h + κt. (A.35)

We can now combine these noisy rates with the results of the previous subsection to obtain the
steady-state relative energy of mode k. From the relative energies of the individual modes one obtains
the total relative energy, e = (

∑
k ϵkek)/

∑
k ϵk, as a function of the cycle time t and the noise rate κ;

the optimization of e over t for any given κ is carried out in appendix A.3.
The relative energy of mode k is defined as

ek =
∣∣∣∣∣Ek − Ek,GS

Ek,GS

∣∣∣∣∣ , (A.36)

where Ek,GS = −ϵk is the ground-state energy of the mode. Inserting the noiseless steady-state energy
of the averaged map [eq. (A.19)] gives

ek = 2n̄k + O(g2t2), n̄k = γh
k

γh
k + γc

k

. (A.37)

Replacing γc,h
k → γc,h

k + κt according to eq. (A.35) gives

ek = 2γh
k + 2κt

γh
k + γc

k + 2κt
, (A.38)

which is the expression quoted in the main text [cf. eq. (4.10)]. Now, we can choose any distribution
of frequencies and calculate the rates.

A.2.1 Discrete distribution

We now insert the explicit averaged heating and cooling rates derived in the weak-coupling and
cooling limits [eqs. (A.22) and (A.32)] for the discrete distribution (see appendix A.1.5). Dividing
the numerator and denominator of eq. (A.38) by 2g2, we obtain

ek =
2

(ϵk+∆m)(ϵk+∆M ) + κt/g2

1
(ϵk+∆m)(ϵk+∆M ) +

√
2πt√

3(∆M −∆m) + κt/g2
. (A.39)

To make the structure of eq. (A.39) transparent, we collect the three contributions into the
coefficients

Ak = 1
(ϵk + ∆m)(ϵk + ∆M ) ,

B = κ

g2 , C =
√

2π√
3(∆M − ∆m)

, (A.40)
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Figure 8. Relative energy e as a function of the spacing parameter x for cycle times t ∈ {50, 200}, computed
by exact numerical simulation (N = 20, g = 10−3, κ = 0.1g2, θ = π/8, ∆M(m) = ϵM(m) ± 0.1). For x ≲ 1, all
curves reach a plateau consistent with the prediction of eq. (A.39), represented by the black dashed lines in the
figure. The jagged features at larger x arise because the number of frequencies R changes discretely: each unit
increase in R produces a jump in the averaged cooling rate.

(a) (b) (c)

Figure 9. Relative energy e versus the ratio κ/g2 for cooling with three cycle times: (a) t = 10, (b) t = 50,
(c) t = 100, and four coupling strengths g = 0.003 (blue), 0.005 (orange), 0.013 (green), 0.025 (purple). The
dashed black line shows the analytic prediction from eq. (A.42). Agreement is good when κ/g2 ≳ 1 and gt ≲ 0.5;
deviations at smaller κ/g2 or larger gt indicate breakdown of the long-time or weak-coupling approximations.
Parameters: N = 20, θ = π/8, ∆M(m) = ϵM(m) ± 0.1.

where Ak originates from the heating rate [eq. (A.22)], Ct from the cooling rate [eq. (A.32)], and Bt

from the noise term [eq. (A.35)]. The relative energy in eq. (A.39) then can be written as

ek(t) = 2Ak +Bt

Ak + (B + C)t . (A.41)

From eq. (A.41) one clearly sees that cooling (ek → 0) is obtained when Ct ≫ Ak, Bt, which
translates into t ≫ (∆M − ∆m)/(∆m∆M ) and κ/g2 ≪ 1/(∆M − ∆m). Taking ∆m,∆M as in the
choice ∆m = ϵm/2, ∆M = ϵM + ϵm/2 used above, the first condition is nothing but the cooling limit
ϵmt ≫ 1, whereas the second, combined with κ ≪ ϵm, implies κ ≪ g. Thus we can only expect
cooling under this condition. In addition, if we merely impose Bt ≫ Ak, i.e. κt/g2 ≫ 1/(∆m∆M ),
we obtain a simple expression for the final energy:

ecool ≈ 1
1 +

√
2πg2

√
3κ(∆M −∆m)

. (A.42)

A.3 Optimal cycle time and energy

Having identified the regime in which cooling occurs, we now optimize the average cycle time t at fixed
noise rate κ to obtain the lowest achievable relative energy. The parameter regime in which eq. (A.42)
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approximates the relative energy well is illustrated in figure 9: we can see that the weak-coupling
condition prevents us from choosing t arbitrarily large. Thus, we will now consider a constrained
optimization of ek in which the product gt is kept fixed and denote, as before,

gt = η. (A.43)

Under this constraint g = η/t, so the noise term in eq. (A.41) grows as Bt = κη−2t3. Substituting
into eq. (A.39) gives

ek(t) = 2Ak + κη−2t3

Ak + Ct+ κη−2t3
. (A.44)

Unlike the unconstrained case, the noise now grows as t3 while the cooling grows linearly in t, so
ek(t) has a minimum at finite t. Setting ∂ek/∂t = 0 yields

∂ek

∂t
= 0 ⇐⇒ 3Akt

2 − 2Ct3 = −2AkCη
2

κ
. (A.45)

This can be solved exactly, but the scaling is clearer under a mild approximation: since Ak, C = O(1)
and Ct ≫ Ak in the cooling limit, the cubic term dominates the left-hand side, giving t3 ≈ Akη

2/κ.
The optimal cycle time and energy of mode k are then

tcool
opt,k ≈

(
Akη

2

κ

)1/3

, (A.46)

ecool
opt,k ≈ 3

C
(A2

kη
−2κ)1/3. (A.47)

These expressions hold provided κtcool
opt,k ≪ 1, consistent with the low-noise assumption. This scaling is

expected to hold for the whole system, even though the actual optimal times differ slightly from mode
to mode (since Ak depends on k). We can also observe that, since the cooling rate increases with the
value of gt, it is advisable to choose the highest possible value of η that still satisfies the weak coupling
condition in order to achieve the best efficiency. For all numerical results and figures, we use η = 0.5, as
it numerically proves to be close to the limit where the weak-coupling assumption does not hold anymore,
but still holds. We further approximate Ak ≈ AN/4, which acts as a representative value across all Ak,
to obtain an approximation for the total relative energy ecool

opt . This approximation is numerically verified
to be close to the exact value of ecool

opt for the whole spectrum and range of κ studied (see figure 4).
As a final note, in the analysis above we have treated R ≫ 1 as a continuous variable to make the

functions well-behaved, but in actual simulations R ∈ ℕ, which produces discrete jumps whenever a
new frequency is added. In special cases like vanishing spectrum or high noise rates, using only one or a
few frequencies might be advantageous over the R ≫ 1 regime. We discuss this in the next subsection.

A.4 The few frequency case

In the previous subsections, we have analyzed the many-frequency regime, R ≫ 1, which allowed
us to cool all modes in the system evenly, while at the same time keeping the effect of noise low.
We now consider two alternatives: the single-frequency (R = 1) and few-frequency (R ≳ 1) regimes.
These regimes are advantageous when the spectrum is narrow enough that one or only a few resonant
frequencies cool all modes, or when the noise rate is large enough that the optimized cycle time is
short. Adding unnecessary frequencies should be avoided, because it increases the runtime of the
algorithm and makes the impact of noise larger. We will analyze in this section where the R = 1
regime can prove advantageous, and what corrections can be made to our algorithm in order to bridge
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the gap between the R ≫ 1 and the R = 1 regimes. Finally, we find a formula for the scaling with
noise rate κ that can be applied in the intermediate regime.

We will begin by analyzing an important region of our model: the edge of the trivial phase, θ = π/2.
In this case, only a single frequency is required, since all k-mode energies ϵk = 1 coincide. Therefore,
we have R = 1 independent of the cycle time t and of the noise rate κ. This causes the dependence of
the steady state energy on κ to differ from that observed in the many-frequency regime. Following
similar steps as in the previous subsections, we obtain

e = 1 + 2κη−2t3

1
2 + 4

3 t
2 + 2κη−2t3

, (A.48)

tcool
opt ≈

(
η2

κ

)1/3

, (A.49)

ecool
opt ≈ Dκ2/3, D = 9

4η4/3 . (A.50)

This protocol yields a steady state ρk = ρ00 |0⟩ ⟨0| + (1 − ρ00) |1⟩ ⟨1|,8 that is the same for every
mode, with

ρ00 ≈ 1 − D

2 κ
2/3. (A.51)

The scaling in the single-frequency scenario is e ∼ κ2/3, clearly different from the many-frequency
case detailed previously. Now, we will show a way to bridge the area between the two regimes. To
that end, we introduce the following corrections to the protocol:

• R is taken to be a natural number: R = ⌊
√

2/3(∆M −∆m)t⌋+1, so that when ∆M −∆m → 0 the
single-frequency result is recovered, and in the limit R ≫ 1 one extra frequency has a negligible
effect.

• We take ∆M(m) = ϵM(m) + (−)f(θ), where f(θ) is a positive function that is roughly constant
for most values of θ (ensuring that the full spectrum is still covered as explained in previous
subsections) but goes to zero in the limits θ → 0 and θ → π/2. We can choose, for example, the
following approximation to a square pulse:

f(θ) = tanh(20θ − 1) − tanh(20θ − 10π + 1)
20 . (A.52)

In general, for this choice of f(θ), ∆M(m) ≈ ϵM(m) ± 0.1 for most values of θ. But for θ ∈ [0, 0.1]
(and analogously for θ ∈ [π/2 − 0.1, π/2]) the function behaves as a linear decay: f(θ) ≈ θ.

In the regime θ ∈ [0, 0.1], R contains both a term linear in t and a constant contribution (the
additional +1), neither of which can be neglected. Furthermore, the dependence on t is not smooth, as
R exhibits discrete jumps due to its integer nature; consequently, there exists a range of cycle times that
yield the same value of R. In addition, the coefficients γc,h

k depend on the number of frequencies and
therefore also display discontinuous behavior. Taking these features into account, the determination of
the optimal cycle time and steady-state energy in this regime is most reliably carried out numerically.

Moreover, since the optimal value of t decreases as κ increases, a crossover from κ1/3 to κ2/3 scaling
can occur for sufficiently large κ across the spectrum, as illustrated in figure 10. Finding the true
analytical expression for the few-frequency regime between the O(κ1/3) and O(κ2/3) regimes would
require summing over all different k modes, each with their own k-dependent cooling and heating rates

8This state is then used as the starting state for adiabatic evolution, as detailed in appendix B.4.
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(a) (b) (c) (d)

Figure 10. Optimal relative energy ecool
opt versus noise strength κ (both log scale) for N = 100, gt = 0.5, and

∆M(m) = ϵM(m) ± f(θ) in our cooling protocol. Blue circles: exact numerical optimization over t. Dashed
black lines: combined approximation from eq. (A.53). Dashed green lines: multifrequency scaling ∝ κ1/3.
Dashed orange lines: single-frequency scaling ∝ κ2/3. (a) θ = π/1000: the single-frequency term dominates.
(b) θ = π/100: both terms contribute. (c) θ = π/50: multifrequency term begins to dominate. (d) θ = π/20: the
κ1/3 many-frequency scaling holds over most of the range.

(see figure 7b). However, the total relative energy can be well approximated by simply combining
the contributions from both analytically tractable limits:

ecool
opt ≈ Dκ2/3 + 3

C
(A2η−2κ)1/3. (A.53)

This result is supported by the exact numerics shown in figure 10.
Note that the number of additional frequencies could, in principle, also be optimized, suggesting

the existence of an optimal functional form of f(θ); however, identifying this form lies beyond the
scope of the present work.

B Analytic derivation of the adiabatic evolution

In this appendix we derive how the relative energy of the adiabatic algorithm scales with the noise
strength κ. We use here the well-known single-mode adiabatic perturbation theory and Landau-
Zener formulas [3, 40, 41] and apply them to our specific model. We then sum over all momentum
modes to obtain the total relative energy, and optimize over the evolution time T in the presence
of depolarizing noise. We find formulas for the relative energy in the trivial phase (appendix B.1)
and the topological phase (appendix B.2), then optimize the relative energy in both phases taking
into account the effect of noise (appendix B.3), and finish by modifying our formulas in the case
of a realistic initial state (appendix B.4).

B.1 Trivial phase: first-order adiabatic perturbation theory

Let us first review the adiabatic approximation and then apply it to our protocol. We start with the
Schrödinger equation for a time-dependent two-level system corresponding to a single momentum
mode k. For clarity we drop the k subscript and write

i
d

dt
|ψ(t)⟩ = H(t) |ψ(t)⟩ , (B.1)

with

H(t) =
(
f(t) r(t)
r(t) −f(t)

)
, (B.2)
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and t ∈ [0, T ]. We use the rescaled variable s = t/T ∈ [0, 1]. The eigenvalues and eigenvectors
(in terms of s) are:

E0(s) = −
√
f2 + r2, (B.3)

E1(s) =
√
f2 + r2 = −E0, (B.4)

|0(s)⟩ =
(
f + E0
r

)
1√

r2 + (f + E0)2 , (B.5)

|1(s)⟩ =
(

−r
f + E0

)
1√

r2 + (f + E0)2 . (B.6)

We expand |ψ(t)⟩ = c0(t) |0(t)⟩ + c1(t) |1(t)⟩ in the instantaneous eigenbasis. Substituting into the
Schrödinger equation and projecting onto the instantaneous eigenbasis gives:

ċ0(t) + c0(t) ⟨0(t)|0̇(t)⟩ + c1(t) ⟨0(t)|1̇(t)⟩ = −ic0(t)E0(t), (B.7)
ċ1(t) + c1(t) ⟨1(t)|1̇(t)⟩ + c0(t) ⟨1(t)|0̇(t)⟩ = −ic1(t)E1(t). (B.8)

The adiabatic approximation consists of neglecting the off-diagonal coupling c1 ⟨0|1̇⟩ in the first
equation, which is valid when the spectral gap is large. Solving for c0(0) = 1 we obtain

c0(t) = e−
∫ t

0 (⟨0(t′)|0̇(t′)⟩+iE0(t′)) dt′
. (B.9)

Substituting back into the second equation and solving for c1(0) = 0 yields

c1(t) =
∫ t

0

[
e
∫ t′

0 ⟨1(t′′)|1̇(t′′)⟩−⟨0(t′′)|0̇(t′′)⟩ dt′′
× ei

∫ t′

0 E1(t′′)−E0(t′′) dt′′
⟨1(t′)|0̇(t′)⟩

]
dt′. (B.10)

Using s = t/T and denoting v = 1/T we have

c1(s) =
∫ s

0
e−iγ10(s′)e

i
v

ω10(s′) ⟨1(s′)|0̇(s′)⟩ ds′, (B.11)

with Berry and dynamical phases:

γnm(s) = i

∫ s

0
ds′
(
⟨n(s′)| dds′ |n(s′)⟩ − ⟨m(s′)| dds′ |m(s′)⟩

)
, (B.12)

ωnm(s) =
∫ s

0
ds′(En(s′) − Em(s′)), (B.13)

where n,m take the values 0, 1. To extract the leading behavior for large T (small v) in eq. (B.11),
we use the following identity for integrals of the form

I =
∫ s

0
ds′B(s′)e

1
v

∫ s′

0 ds′′C(s′′), (B.14)

where we can expand them in growing terms of v by iteratively applying the identity

B(s′)e
1
v

∫ s′

0 ds′′C(s′′) =v d

ds′

(
B(s′)
C(s′)e

1
v

∫ s′

0 ds′′C(s′′)
)

− ve
1
v

∫ s′

0 ds′′C(s′′) d

ds′

(
B(s′)
C(s′)

)
. (B.15)

The first term gives us the first order in v; the second gives us an integral of the same type as I
but with a factor of v already in front and B replaced by d

ds′

(
B(s′)
C(s′)

)
, therefore contributing only to

higher orders of v. We keep only the first order in v.
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Let us now apply this to our choice of H(s) (see eq. (4.1)). The Berry phase vanishes: γ10(s) = 0,
so eq. (B.11) has the shape of eq. (B.14). The resulting transition probability to the excited state
after the complete evolution is, up to first order in v,

|c1(1)|2 ≈ 1
T 2

∣∣∣∣∣eiT ω10(1) ⟨1(1)|0̇(1)⟩
2E1(1) − ⟨1(0)|0̇(0)⟩

2E1(0)

∣∣∣∣∣
2

. (B.16)

We now map this to our specific Hamiltonian. Starting from θi = π/2 and targeting θf via the
linear interpolation H(s) = H0(1 − s) + Hfs, the matrix elements are

f(s) = 1 + s(sin θf + cos θf cosϕk − 1), (B.17)
r(s) = s cos θf sinϕk, (B.18)

where ϕk = 2πk/N .
The dynamical phase integral evaluates to

ω10(1) =
∫ 1

0

√
ax2 + bx+ 1 dx

= 1
8a3/2

[
(4a− b2) log(2

√
a
√
ax2 + bx+ 1 + 2ax+ b) + 2

√
a
√
ax2 + bx+ 1(2ax+ b)

]1
0
(B.19)

with

a = (sin θf + cos θf cosϕk − 1)2 + (cos θf sinϕk)2, (B.20)
b = 2(sin θf + cos θf cosϕk − 1). (B.21)

The matrix elements in eq. (B.16) for s > 0 are given by:

⟨1(s)|0̇(s)⟩ = r

s

(
1 + f√

f2 + r2

)
1

r2 + (f +
√
f2 + r2)2 , (B.22)

whereas for s = 0 we have

⟨1(0)|0̇(0)⟩ = 1
2 cos θf sinϕk. (B.23)

Since we are interested in scalings rather than exact prefactors, we do not evaluate these expressions
further. Summing over all modes, the total energy after the adiabatic evolution in the absence of noise is

E =
∑

k

−ϵk
(
1 − |c1(k)|2

)
= EGS

(
1 − Ã

T 2

)
. (B.24)

The prefactor Ã can be calculated numerically. We have assumed that the time dependence inside the
absolute value in eq. (B.16) can be neglected, since it is only a phase and does not significantly alter
the value of |c1(k)|2; consequently, Ã is approximately time-independent. One can further approximate
Ã ≈ T 2|c1(N/4)|2 ≈

(
cos2 θf

)
/8, which can be verified numerically.

B.2 Topological phase: Landau-Zener transition

When the adiabatic path crosses the phase transition, the perturbative treatment fails for modes in the
vicinity of the gap-closing point. In this regime, the energy can instead be determined using the Landau-
Zener formalism [3, 40, 41]. We apply the standard Landau-Zener formulas to our adiabatic evolution.
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This approximation is most accurate when the energy gaps in the initial and final configurations
are large. To extract an analytic approximation, we follow a path starting from θ = π/2 and going
to θ = 0. We redefine our linear path such that Hk(s) = H

π/2
k (0.5 − s) +H0

k(0.5 + s), where s = t/T

and we run t from −T/2 to T/2. Close to the transition point s ≈ 0 and close to the mode where
the gap closes, δk = ϕk − π ≈ 0 (with k ∈ [0, N ]), the eigenenergies of the instantaneous Hamiltonian
can be approximated by

ϵk(δk, t) ≈

√
4t2
T 2 + δ2

k

4 . (B.25)

This dispersion relation can be identified with that of the standard Landau-Zener Hamiltonian

HLZ(t) = vLZtσz + ∆σx, (B.26)

ϵ±LZ = ±
√

(vLZt)2 + ∆2, (B.27)

which, by comparison, gives

vLZ = 2
T
, (B.28)

∆LZ = |δk|
2 . (B.29)

From the standard Landau-Zener result, the transition probability is (with ℏ = 1):

P k
LZ = exp

(
−π∆2

LZ
vLZ

)
= exp

(
−π

8Tδ
2
k

)
. (B.30)

This gives a relative energy per mode ek = 2P k
LZ. As expected, the smaller the gap of the mode, the

longer the evolution time required to achieve a low excitation probability. A true closing of the gap occurs
at k = N/2 (i.e., δk = 0), but in the limit N ≫ 1 this single-mode contribution becomes negligible.

This approximation does not depend on the target angle θf and was derived for the specific
path to θf = 0 as an illustration.

A result for general θf can be extracted in a similar fashion:

P k
LZ = exp

(
−πGTδ2

k

)
, (B.31)

G = cos2 θf

(1 + cos θf − sin θf )3 . (B.32)

We recover G(θf = 0) = 1/8, but for other values of θf in the topological phase, G(θf ) changes
significantly, e.g., G(π/8) ≈ 0.23.

The derivation of the total energy is more involved and, in general, does not yield a closed-form
expression. Following the Kibble-Zurek argument [22, 23, 36–38], for a large enough system size
the energy can be approximated by

E ≈
∫ N

0
Ek dk = EGS + 2

∫ N

0
e−πGT δ2

kϵk dk

≈ EGS + N

π

∫ ∞

−∞
e−πGT (x−π)2

ϵ(x) dx, (B.33)

ϵ(x) =
√

1 + sin(2θf ) cosx,

where the integral has been extended to infinity since the contribution of modes with large gaps is
negligible. The value of the integral depends on the target angle θf . For θf = 0 or θf = π/2, one has
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ϵk = 1 for all k and a closed form exists; in the general case, further approximation is needed. For
large T , the Gaussian factor is sharply peaked in x and the energy factor is approximately constant
over the range where the Gaussian is concentrated. Evaluating the energy at the peak of the Gaussian
and taking it out of the integral gives

E ≈ EGS + N

π
ϵ(π)

∫ ∞

−∞
e−πGT (x−π)2 dx

= EGS + N

π
√
GT

√
1 − sin(2θf ). (B.34)

To obtain a closed equation for the relative energy e, an approximation for EGS is required,
which we derive below.

Approximating EGS. In the large system size limit, the ground state energy is given by the
following integral:

EGS(θ) = −N

π

∫ π

0

√
1 + sin(2θ) cosx dx. (B.35)

To approximate this integral, we construct a function that has the same expansion as the | sin(2θ)| ≪ 1
approximation of the integral, is symmetric with respect to θ = π/4, and lies close to the exact
value for θ = π/4:

EGS(θ) ≈ −N

√
1 − sin2(2θ)

8 − sin4(2θ)
17 . (B.36)

This approximation can be numerically verified to be within 1% of the true value of the integral, and
allows us to approximate the ground-state energy for any given θ in the large N limit. It can also be
verified to lie close to the Padé-Chebyshev approximant for the same function.

B.3 Adding noise

For depolarizing noise of strength κ, the noise channel commutes with the unitary evolution (see ref. [1]
and section 3.3). For our model, the maximally mixed state has E = 0. Then, the energy in the
presence of noise is related to the energy in the noiseless setting by an overall damping factor as

Enoisy = e−2κTEideal. (B.37)

Figure 11 illustrates the effect of noise on the adiabatic evolution targeting θf = π/3 (within the
trivial phase, no gap closing). It shows that the analytical predictions accurately capture both the
scaling behavior and the position of these minima. For short T , the energy decreases as T−2 and is
dominated by non-adiabatic excitations present even in the absence of noise. For large T , depolarization
effects become dominant. The optimal T arises from balancing these two contributions.

We can now determine the scalings for the adiabatic algorithm in the presence of noise, for both
cases (crossing or not crossing the phase transition).

Gapped regime (no gap closing, θf > π/4). When the path does not cross the phase transition
and for sufficiently small noise rate κ, the total energy can be easily determined by multiplying
eq. (B.24) with the exponential damping factor resulting from the depolarizing noise. We obtain

E = e−2κT

(
1 − Ã

T 2

)
EGS ≈ EGS

(
1 − 2κT − Ã

T 2

)
, (B.38)
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(a) (b)

Figure 11. Relative energy e versus total evolution time T (log-log scale) for adiabatic evolution targeting
(a) θf = π/8 and (b) θf = π/3 at several noise rates κ, for system size N = 20. Solid lines: exact numerical
simulation. Dashed lines: analytic predictions. In the presence of noise, each curve exhibits a minimum at
an optimal T , reflecting the trade-off between non-adiabatic excitations and depolarizing noise. For larger T ,
the energy increases as noise effects dominate. The analytical predictions accurately capture both the scaling
behavior and the position of these minima.

where the approximation results from an expansion around small κT . Figure 11 illustrates the agreement
between analytics and numerics in this scenario. Differentiating with respect to T and setting the
derivative to zero yields the optimal time and energy:

Topt ≈
(
Ã

κ

)1/3

, (B.39)

Eopt ≈ EGS(1 − 3Ã1/3κ2/3), (B.40)

eopt ≈ 3Ã1/3κ2/3, (B.41)

where eopt is calculated using eq. (2.1).
This result is consistent with the expectation that, in the absence of noise, the adiabatic algorithm

in the limit T → ∞ produces the exact ground state.

Gapless regime (gap closing, θf < π/4). The analysis when the path crosses the phase transition
requires more care, since each mode contributes differently to the total energy, yet all modes evolve for
the same time T . We assume large N and large T , multiply eq. (B.34) with the exponential damping
factor resulting from the depolarizing noise, and use the same approximation as before to obtain:

E ≈ e−2κT
(
EGS + N

π
√
GT

√
1 − sin(2θf )

)
≈ EGS

(
1 − 2κT − B̃√

T
+ 2κB̃

√
T

)
, (B.42)

with

B̃ =
N
√

1 − sin(2θf )

π
√
G|EGS|

≈

√
1 − sin(2θf )

π
√
G
√

1 − sin2(2θf )
8 − sin4(2θf )

17

. (B.43)
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In order to ease the determination of the optimal T we approximate this expression further. Using
that B̃ = O(1) and κT ≪ 1, we have that the term 2κB̃

√
T is negligible compared to B̃/

√
T and

we can simplify eq. (B.42):

E ≈ EGS

(
1 − 2κT − B̃√

T

)
. (B.44)

Differentiating with respect to T and optimizing yields:

Topt ≈
(
B̃

4κ

)2/3

, (B.45)

Eopt ≈ EGS

(
1 − 3

21/3 B̃
2/3κ1/3

)
, (B.46)

eopt ≈ 3
21/3 B̃

2/3κ1/3. (B.47)

These scalings are consistent with the numerical results presented in the main text (figure 4). The
prefactor B̃ is monotonically decreasing from θ = 0, where B̃ ≈ 0.9, to θ = π/4, where B̃ = 0. This
is consistent with the intuition that the deeper into the topological phase the target lies, the more
difficult it becomes to prepare the ground state via the adiabatic algorithm, as the effects of finite
evolution time cause some modes to have non-zero transition probability to their excited states.

Effects of finite system size. In figure 4, for adiabatic trajectories that cross the critical point, the
relative energy exhibits a crossover from κ1/3 scaling to a constant value independent of κ for sufficiently
small κ. This constant contribution arises from the mode k = N/2, whose gap closes at the phase
transition. The excitation of this mode is unavoidable when crossing the critical point, irrespective of T .

As a result, in the limit κ = 0, the optimal evolution time T → ∞ yields an energy E = EGS +2ϵN/2.
The crossover between the two regimes occurs at κ1/3 ∼ ϵN/2/|EGS|, as confirmed numerically in figure 5.
For larger system sizes, this crossover shifts to smaller values of κ, and vanishes in the thermodynamic
limit N ≫ 1, where the contribution of a single mode becomes negligible.

B.4 Realistic adiabatic evolution

Instead of starting from the ideal product state |0⟩⊗N , we consider a more realistic scenario in which
the initial state is already affected by noise. To this end, we apply the cooling procedure at θ = π/2
for a given noise rate κ (see appendix A.4). This yields a state ρcool(π/2) that is diagonal in the mode
basis, with each mode in a mixture ρk = ρ00 |0⟩ ⟨0| + (1 − ρ00) |1⟩ ⟨1| and ρ00 ≈ 1 − (D/2)κ2/3.

Since all derivations in the previous subsections for an initial state |0⟩ apply analogously to an
initial state |1⟩ (due to the symmetry of the spectrum), we can apply the derivations independently
to both cases, weight the resulting energies by ρ00 and 1 − ρ00, respectively, and sum them to
obtain the total energy:

Erealistic = Eideal(1 −Dκ2/3), (B.48)

where the factor D has been defined in eq. (A.50) (see appendix A.4 for the full derivation). Crucially,
this does not alter the optimal times, so the optimizations performed for the ideal initial state remain
valid. The final energies change in different ways depending on the target phase. In the trivial phase,
which already has a κ2/3 scaling, the correction merely modifies the prefactor. In the topological phase,
the imperfect initialization contributes only a subleading additive term leading to

eent
realistic ≈ 3

21/3 B̃
2/3κ1/3 +Dκ2/3, (B.49)

eprod
realistic ≈ (3Ã1/3 +D)κ2/3. (B.50)
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In the topological phase, the correction from the imperfect initial state (Dκ2/3) becomes negligible
for sufficiently small κ: this is consistent with the fact that, at low noise rates, cooling can prepare the
initial state very close to |0⟩⊗N . For sufficiently large κ, however, both contributions are significant
and the curve deviates from the ideal κ1/3 behavior.
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