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ABSTRACT

We investigate multipartite entanglement via the statistical properties of pure quantum states of
n-qubits. By analyzing the distribution of purity among balanced bipartitions, we compare
Haar-typical states, uniformly distributed on the unit sphere of states, with Hadamard states,
being characterized by equal weights in the computational basis. We analyze different ensembles of
Hadamard states characterized by their phase distributions. Through analytical and numerical
calculations, we show that Hadamard states exhibit, on average, a higher degree of entanglement
than Haar-typical states. In addition, we show that a particular class of Hadamard states,
characterized by real coefficients with alternating signs, known as hypergraph states, appears
especially relevant in the search for maximally multipartite entangled states, both for their
structural simplicity and the increased likelihood of sampling highly entangled states. These results
identify Hadamard states as a tractable yet promising class for exploring multipartite entanglement

structures and advancing the characterization of maximally multipartite entangled quantum states.
N J

KEYWORDS: Quantum complexity theory; Entanglement entropy and spectrum; Quantum information
tools in condensed matter and statistical mechanics; Entanglement and geometry
ARXIV: 2605.10314

LContact author.

@ © The Author(s).
@ This article is licensed under the terms of the Creative Commons Attribution 4.0 license. All rights for Text
BY

and Data Mining, Al training, and similar technologies for commercial purposes, are reserved.

JQUANT 1 (2026) 001005 https://doi.org/10.22323/417420260716111046


https://orcid.org/0009-0000-3995-2779
https://orcid.org/0009-0000-2374-5038
https://orcid.org/0000-0001-9152-6515
https://orcid.org/0000-0002-7280-445X
https://orcid.org/0000-0001-7623-3263
https://orcid.org/0000-0001-6500-5222
https://orcid.org/0000-0002-7214-5685
https://orcid.org/0000-0002-0653-3639
mailto:giorgia.trotta@unina.it
mailto:paolo.scarafile@unina.it
mailto:paolo.facchi@uniba.it
mailto:giuseppe.magnifico@uniba.it
mailto:angelo.mariano@enea.it
mailto:giorgio.parisi@gmail.com
mailto:saverio.pascazio@ba.infn.it
mailto:karol@cft.edu.pl
https://doi.org/10.48550/arXiv.2605.10314
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.22323/417420260716111046

CONTENTS
1 Introduction 1
2 Preliminaries and definitions 2
2.1 Statistical properties of Haar-typical states 4
2.2 Hadamard states 4
3 First two cumulants of the purity at fixed bipartition 5
4 First two cumulants of the average purity 8
5 Large-system limit 9
6 Concluding remarks and outlook 11
A Computation of the variances 12
B Numerical simulations 14
C Asymptotic behavior of fa2.(n) 15
References 17
N

1 Introduction

Entanglement is a fundamental feature of quantum mechanics and a central resource in quantum inform-
ation, enabling relevant applications such as quantum teleportation [1-3], quantum computation [4],
quantum communication [5] and quantum cryptography [6-9]. While the bipartite entanglement of pure
states is unambiguously quantified in terms of the entropy of either single-party reduced state [10-12],
the quantification of multipartite entanglement remains more intricate and less unified [13-15]. This
has led to multiple approaches being developed, each focusing on different aspects of the problem, for
instance the invariance under permutation of the parties [16, 17], the scalability of the measure with
the system size [18], the structural analogy with the bipartite von Neumann entropy [13] or the mutual
exclusivity of single-partite and bipartite properties of subsystems [19]. These different characterizations
of multipartite entanglement often yield distinct and, in some cases, incompatible classifications.

Various studies have shown that multipartite entanglement exhibits frustration, i.e., the impossibility
of simultaneously maximizing entanglement across all bipartitions [20-24], making statistical methods
from complex systems particularly suitable for its characterization.

In this context, analyzing the statistical distribution of entanglement measures, such as the purity
over all balanced bipartitions and related quantities like the average linear entropy [13, 22, 25|, has
emerged as a powerful tool for characterizing multipartite entanglement [26]. This approach has been
effectively applied to typical pure states sampled according to the Haar measure in qubit systems [27-30)].

A particularly significant class of states is that of maximally multipartite entangled states (MMES),
which are defined as those that maximize entanglement across all balanced bipartitions [25]. The
presence of quantum frustration makes the identification of these maximally entangled states particularly
demanding and significant. In addition, the number of free parameters in quantum states and the
number of bipartitions of the total system both grow exponentially with system size, making the
investigation of multipartite entanglement and the search for MMES analytically and computationally
very challenging [24, 28|.
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In this framework, Hadamard states, so named as they corresponds to a single row (or column)
of a complex Hadamard matrix of the Butson class [31, 32], and characterized by equal weights in
the computational basis, have been identified as compatible with MMES requirements, providing
a structured class for theoretical and computational analysis [29]. Their intriguing properties, in
terms of frustration and symmetries, make them promising candidates for investigating multipartite
entanglement in qubit systems.

In this work, we characterize the entanglement properties of Hadamard states of n qubits using a
statistical approach. We analyze different ensembles of Hadamard states, having equal weights in the
computational basis and phases independently and uniformly distributed over the g-th roots of unity,
with ¢ = 2,3,...: hypergraph states (¢ = 2), introduced in ref. [33], whose phases are the square roots
of unity, either 1 or —1 and which correspond to a row (or column) of a real Hadamard matrix of the
Butson class; the Hadamard-Butson Py-states (¢ = 3,4, ... ), whose possible phases are the vertices of

27r

a regular g-polygon, namely, eiT, with r = 0,...q — 1; and Hadamard-typical states (¢ = c0), whose
phases are uniformly distributed over the unit circle. Notice that Hadamard-typical states are locally
maximally entanglable states (LMEs), as showed in ref. [34].

Through analytical calculations and numerical simulations, we demonstrate that Hadamard en-
sembles exhibit, on average, a higher degree of entanglement than the Haar ensemble. Moreover, we
show that the class of hypergraph states exhibits distinctive statistical properties that make them
particularly promising for identifying MMES. In addition, hypergraph states occur naturally in the
analysis of quantum algorithms such as the Deutsch-Jozsa algorithm and the Grover algorithm [33, 35]
and, can be complex in the sense of Kolmogorov complexity, so they could, for instance, be used for
quantum fingerprinting protocols [36]. Nonetheless, identifying MMES, even in the class of hypergraph
states remains challenging, particularly as the system size increases.

The Article is structured as follows. In section 2, we introduce the necessary background and
notation, review key results on Haar-typical states, and define the classes of Hadamard states under
investigation. Section 3 is devoted to the evaluation of the first two cumulants of the purity distribution
associated to a fixed bipartition, while section 4 extends the analysis to the purity averaged over all
balanced bipartitions. Throughout, particular emphasis is placed on comparing the statistical entangle-
ment features of Hadamard and Haar ensembles. Lastly, in section 5, we analyze the large-system limit
of the purity distributions for Hadamard states and compare it with that of Haar-typical states.

2 Preliminaries and definitions

We consider a system S = {1,...,n} of n qubits, described by a Hilbert space of dimension N = 2",

Hs =@ C; ~CV. (2.1)
€S

A pure state of the system can be expressed in the computational basis as

W) = > k), (2.2)

kel

2 and the normalization

where B = {O, 1}, k= (k‘l,. . ,k‘n) with k; € B, |k‘> = ®i65 |k‘1>z, |k‘z>@ eC
condition Y7, |2x|?> = 1 holds.

A bipartition of the system is defined by a pair (A, A), where A C S, A=8\ 4, and 1 <na < ny,
with ng = |A|. A bipartition is said to be balanced if ng = |n/2].

Given a bipartition (A4, A) and a pure state [t/), the purity of subsystem A is defined as

ma=Te(ph),  pa=Trz(j¥)(W]). (2.3)

JQUANT 1 (2026) 001005 https://doi.org/10.22323/417420260716111046



https://doi.org/10.22323/417420260716111046

The purity quantifies the degree of entanglement between the two subsystems: lower values of w4
indicate stronger entanglement. For a subsystem of n4 qubits, the purity is bounded as

1

The purity of a fixed bipartition (A, A) has the following expression [26]:

TAZ) =Y Y Y sZeikelomZhom: (2.5)

kEB™ [€BA e A

where @ is the bitwise XOR operation. This quantity describes the entanglement of the single bipartition
(A, A), and fails in capturing the entanglement properties of the system as a whole.

A quantification of global multipartite entanglement for pure states is provided by the potential of
multipartite entanglement, defined as the average purity over all balanced bipartitions [25],

TME = <£3J> Z TA. (2.6)

[Al=13%]
This quantity can be expressed as follows in terms of the state’s Fourier coefficients z = (21, ..., z2n) [25,
29]:
7I-ME(Z) = Z g(l7 m)ZkZZEBleEBl@sz:@m’ (27)
k,l,meBn
where
g(lvm) = 5l/\m,0§(|l|7|m|)7 (28&)

ols.t) = ;<L§J> Kn@f—_st> * (n@f—_ttﬂ ' (2.80)

Here, |I| = Y ,csli, while A denotes the bitwise AND operation.
The average purity myg inherits the bounds (2.4) of the purity w4 of a fixed balanced bipartition,
with ng = [n/2], namely,

1

ol%]

< mue < 1. (2.9)

Correspondingly, mazimally multipartite entangled states (MMES) are defined as those minimizing
the potential of multipartite entanglement (2.6).

In the case of a system of n qubits the minimal possible value of the potential of multipartite
entanglement myg equals 271"/2) . This theoretical bound for the minimum is saturated if perfect MMES
or Absolutely Mazimally Entangled (AME) states [37-41] exist. For n = 2 AME states are Bell states
up to local unitary transformations, while for n = 3 they include the GHZ states [25, 38]. For n =5
and n = 6, numerous examples of AME states have been identified [25]. Conversely, it has been proven
that AME states do not exist for n =4 [21], n = 7 [20, 22, 23], and n > 8 [20, 22], due to quantum
frustration [24]. Frustration arises due to competing requirements among different bipartitions.

In the following we introduce Haar-typical and Hadamard states and review the main proper-
ties of the former.
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2.1 Statistical properties of Haar-typical states
The unit sphere of states (2.2) of n qubits in Hg,

SN L= La= (o, an) € O L Y P =1, (2.10)
k

is invariant under the action of the unitary group U(Hs) ~ U(N), with N = 2", and Haar-typical pure

S2N | according to the Haar measure of U(N) [42].

states are sampled uniformly on

The properties of Haar-typical pure states have been extensively studied [26, 27, 30, 42-47], and
such states can be efficiently generated through chaotic dynamics [48] and experimentally realized
with different approaches [49-51]. The distribution of the purity referred to a fixed bipartition (A4, A)

has mean and variance given by [26, 27, 44]
A 4 ona
m+1
2 (224 — 1) (2274 — 1)

o4 = ((ma — pa)’) = TP T 1Y) (2.12)

pa = (ma) = (2.11)

where ny = |A| is the number of qubits in subsystem A, n; =n —nyu, and (---) denotes the ensemble
average over pure states uniformly distributed on §?V—1,

z ~ Unif (§2V71). (2.13)
The mean of myg is
AME = (TME) = pa, (2.14)
with (A, A) being any balanced bipartition, and thus it is given by (2.11) for n4 = |n/2],

QL%J +2{%W

2.15
2n+1 ( )

HUME =

The variance, o3y = ((TME — uve)?), is given by [30]

(2" + 1) fa(n) — 2 <2V5J n 2[’5])2

e = G @ T3 (2.16)

where
(2] 17 /1n n n n\ 72
B =1Y gk1?=3 <n> K[zJ) (M) N <L2J> (Mﬂ (2.17)
k,lcBn aimo \5t s t t s
with (:t) = WM being the trinomial coefficient.

2.2 Hadamard states

For any pure state expressed in the computational basis, one can define the population probability vector
(Ps(k))kem» = (|2k|?)remn, whose components represent the probability of observing the computational
basis state |k). The population probability vector of Haar-typical states (2.13) is uniformly distributed
on the (N — 1)-dimensional probability simplex Ay_j, namely Pg ~ Uniform(Ayx_1) [52].

A necessary condition for a state to qualify as an AME state, and hence to saturate the theoretical
minimum in (2.9), is that all the marginals over ny < n/2 variables of its population probability
vector, Pg(k), are completely random [29].
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A notable class of states satisfying this condition is the class of Hadamard states, defined by
the property

1
|zM2::§5, vk € B", (2.18)

which fixes the population probability vector at the center of the simplex Ay_1. Thus, for Hadamard
states, the Fourier coefficients take the form,

Sk

V2

with § = {z € C : |z| = 1} being the unit circle of complex numbers of unit modulus.

2 = sp=e%% eS8, VkeB" (2.19)

A central objective in the study of multipartite entanglement is the characterization of MMES,
particularly in the context of frustrated systems, where AME states do not exist. However, MMES
states are highly atypical and occur with vanishing probability under Haar measure [25]. In the case
of n qubits, a generic pure state is described by N = 2" complex amplitudes z = (z1,...,2y), that
correspond to a point on the (2N — 1)-dimensional sphere (2.10). This results in a high-dimensional
optimization problem when attempting to minimize the average purity.

To address this challenge, it is useful to investigate classes of quantum states characterized by a
reduced number of parameters, while still satisfying the necessary condition for perfect MMES. It is
known that Haar-typical states have Fourier coefficients with independently and uniformly distributed
phases s = z/|zk| ~ Unif(S) [28, 52]. The approach adopted in this work retains this statistical
feature while restricting the number of free parameters.

This motivates the study of the statistical properties of Hadamard states, particularly those whose
phases s; are in a finite number and symmetrically distributed on the unit circle S. We refer to these
as Hadamard-Butson Pj-states, for ¢ = 2,3,..., and they are listed in table 1. They are classified
according to the allowed phases s, € F,, taken to be the vertices of the regular polygon

27T

fg:{éq :r:Q”wq—l} (2.20)

of the g-th roots of unity. In particular, the Butson P»-states coincide with the hypergraph states,
whose phases are restricted to =+1.

In the following analysis we will consider, as ensembles of random states, Hadamard-Buston
P,-states with phases independently and uniformly distributed over the polygon,

sp ~ Unif(P,), ke B", (2.21)

together with the limiting case ¢ = oo, corresponding to Hadamard-typical states, whose phases are
independently and uniformly distributed over the entire unit circle,

sk ~ Unif(S), k€ B". (2.22)

We will compare their statistical properties with those of the Haar-typical states discussed in the
previous section.

Let us highlight that hypergraph states can already be experimentally realized [53], while an
experimental protocol for the generation of generic Hadamard states is still missing.

3 First two cumulants of the purity at fixed bipartition

In this section, we investigate the first two cumulants of the purity distribution associated with the
classes of random Hadamard states listed in table 1.
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Fourier coefficients z, = S Notation

V2n
sp € Pp={+1,—-1} Hypergraph states (¢ = 2)
27T
sk € Py = {eZT }r=0 et Butson P-states (¢ > 3)
_ [ o —
s €S {e }¢€[0,27r] Hadamard states (¢ = 00)

Table 1. Classification of Hadamard-Butson Py-states (¢ = 2,3,...) based on the possible values of the phases
sk € S of their Fourier coefficients (2.19) in the computational basis.

25 25
n==06
20 20 q=00
2 £15 £15
kS kS B
g g g
A A A

80 n— 80 80 - —
q:2 q =00

%60 £ 60 %60

= 2 Z

S 40 S 40 S0

S920 5920 520

0 0 0
0.0625 0.08  0.10 MO.lQ 0.14 0.16 0.0625 0.08  0.10 MO.12 0.14 0.16 0.0625 0.08  0.10 M0.12 0.14 0.16
(d) () (f)

Figure 1. Histograms of the purity distribution for the balanced bipartition (A, A) with A = {1,...,[n/2]},
based on 2.3 x 105 samplings of systems of n = 6 qubits (first row) and n = 8 qubits (second row) for Hadamard-
Butson P, -states: ((a),(d)) hypergraph states (¢ = 2); ((b),(e)) Butson Py-states and ((c),(f)) Hadamard-typical
states (¢ = 00). In all the plots, the horizontal axis starts from the minimum value of 7. Red lines indicate the
theoretical value of the mean purity (3.2), while the (almost coinciding) dotted blue lines correspond to the
numerically computed one. In (c),(f) we have also plotted the Gaussians having mean and variance corresponding
to the ones in eqs. (3.2) and (3.4). We observe that the Gaussian approximation already provides an accurate
description for n = 8. Notice that for n = 6 qubits, in the first line, there exist AME Hadamard states, with all
purities of balanced bipartitions at the minimal value 1/8 = 0.125, while for n = 8 qubits, in the second line,
there exist no AME state, with all 74 having the minimal value 1/16 = 0.0625, as highlighted by the full and
empty dots on the horizontal axis, respectively.
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As shown in ref. [29], the purity corresponding to a fixed bipartition (A, A) of a Hadamard state
can be expressed as
j_ 22

1
on T 990 > 2 Zisksi’;@zsk@l@msz@m, (3.1)
kEB™ 1eBL meBA

wA(s

where B" = B™ \ {0} denotes the set of all nonzero m-bit binary strings. Importantly, since their
indexes are all distinct, each term in the sum of eq. (3.1) consists of four independent random variables
of zero mean (2.21), and thus has zero average. Therefore, the mean of the purity distribution is
given by the first term in (2.5), i.e.

2mA 4 2"a — 1
pa=(ma) = (3.2)
This allows us to write the purity as a sum of its average and a fluctuation term,
TA(S) = pa +7a(s), (3.3)

with 74 being given by the second term in (3.1).
Consequently, the variance of the purity distribution is 0% = (7%) and is explicitly evaluated

in appendix A, yielding

(2ma —1)(2"a — 1)
923n ’

o4 =2¢, (3.4)

where
Cq — (1 —'I' 6[1,2), (35)

for all Butson Pj-states (2.21) with ¢ > 2, including Hadamard-typical states (2.22) (¢ = 00).
Comparing the mean purities of Hadamard (3.2) and Haar ensembles (2.11), one finds that, for
every bipartition (A, A),

(MA)Hadamard < (HA)Haar- (36)

Thus, Hadamard states exhibit, on average, a higher degree of entanglement than Haar states: imposing
the condition (2.18) selects a subset of more entangled states.

Incidentally, observe that eq. (3.2) generalizes to the full class of hypergraph states the results
previously obtained in [54] via a tensor-network approach. In particular, it shows that the mean
bipartite purity for hypergraph states coincides with that of graph states. Furthermore, eq. (3.4)
reveals that the fluctuations of bipartite entanglement across the ensemble of random hypergraph
states exhibit the same scaling behavior identified in ref. [54] for a specific subclass of this ensemble
composed by purely hypergraph states, while scaling significantly faster than the fluctuations associated
exclusively with graph states.

We benchmark the analytical results through extensive numerical simulations performed as de-
scribed in appendix B. The numerical data are shown in figures 1(a) and 1(d) for hypergraph states,
in figures 1(b) and 1(e) for Butson Pj-states, and in figures 1(c¢) and 1(f) for Hadamard-typical states.
The results are in close agreement with the theoretical predictions given by eqs. (3.2) and (3.4). Figure 1
also highlights the discreteness of the purity spectra associated with the Butson P,-states. However,
as the qubit number increases, the purity distribution approximates a continuous one.
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4 First two cumulants of the average purity

We now extend the previous analysis to the distribution of the average purity over all balanced bi-
partitions (2.6). Using the approach of ref. [29], the average purity for Hadamard P,-states can
be expressed as

QL%J + 2{5] 1 1 . i
TME(S) = on + o > > g(l,m) sksieiSkalomSiam (4.1)
kEB" I,meB?

where g(I,m) is the coupling function (2.8a). From this expression, and proceeding analogously to
that in section 3, we obtain

pME = (TME) = o ; (4.2)
and
TME(S) = pMmE + TvE(s), (4.3)
where Tyg(s) denotes the second term in eq. (4.1).
By comparing (2.15) and (4.2), we get that
('U“ME)Hadamard < (/’LME)Haara (44)

which confirms that Hadamard states exhibit, on average, a higher degree of entanglement than
Haar-distributed states.

It follows from (4.1) that the variance of the average purity distribution is given by o3 = (Tog)-
This quantity is explicitly evaluated in appendix A, yielding

C
ot = g fae(), (45)

where ¢, = (1 + d42), for ¢ = 2,3,..., and

R 1 KON | T U R C T A

Since fa«(n) < fa(n), one also gets

(UME)Hadamard < (UME)Haar’ (47)

for all n > 4 and all Pj-states with ¢ # 2. Interestingly, the inequality is reversed for hypergraph
states, ¢ = 2.

In figure 2, we compare the distributions of the average purity across different classes of seven-qubit
states obtained through numerical simulations (details in appendix B). The P,-states exhibit statistical
behavior similar to Hadamard-typical states up to the second cumulant. In contrast, hypergraph
states (¢ = 2) display significantly broader distributions, as predicted by eq. (4.5). All considered
Hadamard states exhibit, on average, a higher degree of entanglement than Haar-typical pure states,
consistently with eq. (4.2) and eq. (2.15).

The broader distribution of hypergraph states increases the probability of sampling low average
purity states, making them promising candidates in the search for MMES, as highlighted by the inset
of figure 2. Nevertheless, finding such states remains a formidable challenge, as indicated by the
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Figure 2. Histograms of the average purity density for n = 7 qubits obtained from 2.3 x 10® samples of different
ensembles of states. The horizontal axis starts from myg = 1/8 = 0.125, which corresponds to the theoretical
bound for the minimum, which would be saturated, if seven-qubit AME states existed. Using eq. (4.8), we
observe that this value, is approximately 8.4 standard deviations from the mean value of the Hadamard-typical
distribution.

location of the theoretical bound for the minimum of the average purity (from which the horizontal
axis in figure 2 starts). Specifically, we observe that, since

_ e — o-|%] _ (2L%J - 1)2%’ (48)

k T
OME (quQ* (n)) 2

the theoretical minima, even in the case of hypergraph states, lie k standard deviations below the
average value, with k ~ 2.9,3.2,7.5,8.4, and 19 for n = 4,5,6,7, and 8, respectively.

We further extend our analysis to different system sizes by numerically simulating systems up to 12
qubits. In figure 3, we show analytical (solid lines) and numerical (scattered points) values of the mean
and standard deviation of the average purity distribution for all classes of states. Analytical results
are given by: eq. (2.15) and the square root of eq. (2.16) for Haar-typical ensembles; eq. (4.2) and the
square root of eq. (4.5) for all Hadamard ensembles. All the numerical results are in strong agreement
with the analytical predictions, confirming the distinctive properties of hypergraph states (Pa-states).

5 Large-system limit

As shown in section 3, the fluctuating part 74 (s) of the purity of a fixed bipartition of a Hadamard
state (3.1) consists of O(22") terms of order O(1/22"). For a large number n of qubits, the purity
distribution of Hadamard states referred to a fixed bipartition is close to a Gaussian distribution with
mean given by eq. (3.2) and variance given by eq. (3.4).

The asymptotic mean of the purity distributions of Hadamard states (3.2) coincides with that
of Haar-typical states (2.11),

1 1
fA~ s+ e (5.1)

ona  ong’

as n — oo. This occurs because the fluctuations in the moduli of the components a unit random
vector become relatively small as the vector length increases, so a generic random vector effectively
behaves like one with equal moduli.

JQUANT 1 (2026) 001005 https://doi.org/10.22323/417420260716111046


https://doi.org/10.22323/417420260716111046

[J  Hypergraph states vV  Pystates ¢ Hadamard-typical states

A Psstates & Ps-states O Haar-typical states
Q 0
0.6 @\\ X107 0.100 x10~*
\ 3
\ =
& o B 0.075 @!\ 2Na
.04 N . 0
B o \ 1 5
< 9 | ©0.050 B
B 1 12 1 12 |
0.2 o \ 0.025 % \
N \ B \
0w 0.000 ° ‘
' 4 6 8 10 12 4 6 8 10 12
n n

Figure 3. Mean and standard deviation of the average purity distribution as a function of system size,
showing theoretical predictions (solid lines) and numerical results (scattered points) for Haar-typical states (red),
hypergraph states (blue), Butson Ps-, Py-, Ps-states and Hadamard-typical states (black).

Similarly, the asymptotic behavior of the variance (3.4) of the purity distribution for the Hadamard
ensembles is

2
0124 ~ cqﬁ7 (52)

as n — 00, where ¢; = 14 J42. Thus, it is asymptotically equivalent to the variance (2.12) of the Haar
ensemble, except in the special case ¢ = 2, corresponding to hypergraph states, where it is twice as large.

For large n, the distribution of the average purity myg of Haar-typical states is also approximately
Gaussian [28]. Its mean (2.15) behaves as

1 12 if n even
HME ~ —&

25 % if n odd

(5.3)

as n — oo. Moreover, the function in (2.17) has the following asymptotics [30]:

fan) ~ 33 (3) =3V, (5.4)

as n — oo, where

a = log 3 ~ 0.58. 5.5
2\ 2

Therefore, the variance o3 given by (2.16), behaves as

3\" 1
2 _

Analogous considerations apply to the average purity of ensembles of Hadamard states, expressed
by eq. (4.1), which also consists of at most 22" terms of order O(1/2%"), and for large n is close

to a Gaussian with mean being given by eq. (4.2), and variance being provided by eq. (4.5) for all
the ensembles of Hadamard P,-states.
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For large n, the mean (4.2) of the Hadamard ensembles has the same asymptotics (2.14) of the
Haar ensemble. Moreover, as derived in appendix C, the function fs, has the same asymptotic
behavior (2.17) of fy, namely,

fou(n) ~ 3v/2 (;)n =3v22%", (5.7)

as n — 0o. Therefore, in this limit, the variance of the average purity distribution becomes

n
e ~ 3V2¢, (136) = 3ﬁcqﬁ, (5.8)
with ¢ = (1 + dq,2), for all ensembles of Hadamard states in table 1.
Thus, in the large-system limit, all Hadamard states, except the hypergraph states, exhibit the
same asymptotic purity distribution as Haar states.
However, notice that Hadamard states retain an entanglement advantage: the distance between
the averages scales as

1

= (5.9)

Apve = (UME)Haar — (UME)Hadamard ~

while the variances scale as in eqs. (5.6) and (5.8), that is oyE = O((3/16)"/2). Thus,

:X;E - 0((2)g> (5.10)

and the distributions of Hadamard states and Haar-typical states remain statistically distinct even for

large systems. Furthermore, the hypergraph states retain a particular feature in the high-entanglement
regime, showing increased probabilities even in the large-system limit. This distinctive scaling behavior,
also highlighted by the inset of figure 3, makes hypergraph states uniquely valuable for exploring
extreme entanglement even in large qubit systems.

6 Concluding remarks and outlook

We systematically investigated the statistical properties of the purity and average purity for various
ensembles of Hadamard states of qubits. By extending the approach pioneered in refs. [28, 30, 47],
we derived exact analytical expressions for the first and second cumulants of these distributions. We
also performed extensive numerical simulations to validate these analytical results. We showed that
all considered Hadamard states exhibit on average a higher degree of entanglement than typical
(Haar-distributed) states.

Our analysis also revealed the unique properties of hypergraph states, whose purity fluctuations are
significantly larger than those of the other ensembles of Hadamard Fj-states. The increased variance
in the purity distribution of the hypergraph states suggests a higher probability of sampling states
that approach the theoretical minimum of the average purity, even for large systems. This makes the
hypergraph states promising candidates in the ongoing search for MMES.

An interesting future direction would be the extension of our cumulant analysis to higher-order
moments, which could deepen the statistical characterization of purity distribution and potentially
unveil additional features of Hadamard states compared to typical ones. Moreover, while MMES have
been extensively studied among typical states [24], an extensive numerical and analytical analysis of
MMES among Hadamard states, and particularly among hypergraph states, is still missing.

The identification and characterization of highly entangled multipartite states have implications
beyond fundamental physics. Such states are crucial resources for quantum algorithms, particularly in
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quantum optimization protocols and certain quantum machine learning schemes where entanglement en-
ables the efficient exploration of large solution spaces [55-61]. Additionally, understanding multipartite
entanglement is relevant for developing and analyzing quantum error correcting codes [22, 62, 63].

In summary, this work deepens our understanding of multipartite entanglement through statistical
lens, revealing distinctive properties of Hadamard quantum states that suggest promising directions
for future research.
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Appendix
A Computation of the variances

As shown in section 3, the variance of the purity distribution associated with Hadamard states and
referred to a fixed bipartition is 04 = (7%), where 74 is given in the second line of (3.1). Explicitly,

04 = 24n<( Z Z Z Sksk@lskeal@msk@m) ( Z Z Z SpS;@ySpGBv@rS;@T) >, (A1)

keB™ eBL mepA PEB™ veBL rcpA

that is

= Z Z Z SkSZ@ISkEBlGBmSZ:@m)(Sp‘s;@vsp@v@rs;;@r»- (A.2)

»pe]Bn l Ue]Bfé m T‘EBA

For the Hadamard ensembles considered here, the variables s; are independent random phases,
uniformly distributed on the regular polygon P,, and |sx|? = 1. Hence, the expectation value of any
product of such phases is non-zero only if, for each index k € B™, the number of occurrences of sg
equals the number of occurrences of sj,. Equivalently, the set of four indices carried by the unconjugated
phase factors must coincide with the set of four indices carried by the conjugated phase factors.

In the present case, since [, m (and v, r) are non-zero and have support on complementary subsystems,
no cancellation can occur within a single 4-phase factor. Therefore, the only non-vanishing contributions
arise when the indices of the unconjugated phases in one factor are paired with the indices of the
conjugated phases in the other one, and vice versa. This can happen in two ways, namely when
k = p® v or when kK = p ® r, which then fixes the remaining indices.

Let us illustrate this with the case k = p @ v. Then one unconjugated phase factor from the first
parenthesis in (A.2) is paired with one conjugated phase factor from the second parenthesis. For the
remaining phase factors to give a non-zero expectation value, their indices must also match, which
imposes [ & m = v @ r. The remaining product is therefore si.;siq,,SkavSkpvalem. A non-vanishing
contribution is obtained only when either [ = v or m = v. However, since v € IB%f, whereas m € IB%f, the
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latter possibility is excluded. Thus the only admissible solution in this case is [ = v, and consequently
m = r. The case k = p @ r is analogous.

Accordingly, the variance reads

U = 4n Z Z Z 5’%0@51) + 5k p@r)dl vdm r

k,peB™] vEIBS:f’m reIBgA
DM - 1)

24n Z Z Z 2= 2 923n : (A‘3)
PGBHUGEAreBA
For hypergraph states (¢ = 2), whose coefficients are real, one has s7 = s{> = 1. As a result,

additional non-zero contributions arise from direct pairings of the phases s across the two parentheses.
This happens when k = p or k = p @& v & r which, similarly to the previously discussed cases, fix all
other indices. Together with the conditions originating from the pairing between phase factors s and
conjugated phase factors s*, these yield four distinct matching configurations, leading to the contribution

(&c,p@v + 5k,p€Br + 6k,p + 5k,p®v€|9r)5l,v5m,r' (A4)

This effectively doubles the number of contributing configurations with respect to the other Hadamard
ensembles.

As a result, the variance of the purity distribution for Hadamard P,-states and referred to a
fixed bipartition is given by

(2ma —1)(2"a — 1)
23n ’

04 =2¢, (A.5)
with

for all ¢ > 2, including Hadamard-typical states (¢ = o0).
A similar analysis applies to the computation of the variance of the average purity distribution. As
showed in section 4, this quantity is given by o3 = <(7~rME)Q>, which explicitly reads

Z Z 9(l,m) 9(q, 7){SkSkeiSkalom Sham SpSpaevSpoaarSper)- (A7)
k,peB™ I,m,v,recB}

As in the fixed bipartition case, the non-vanishing contributions to the variance arise from matching
index configurations between the s-terms and their conjugates. However, in this case, the conditions
k=p®wvork=pe&r do not fully fix the remaining indices. For instance, if k = p @ v, then the
relevant term becomes s} Spq. SkavSkavalem, Which contributes non-trivially when either [ = v or
m = wv. Since [, m,v,r € B}, both configurations are admissible, resulting in four valid matchings for all
P,-states with ¢ > 3. In contrast, for ¢ = 2, non-vanishing contributions also arise from configurations
in which the s-terms of both factors are directly matched. This leads to eight distinct non-vanishing
terms, thereby doubling the number of contributing terms compared to the other ensembles.

Summarizing the above, we find that

4c
I,meBy}
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with ¢; = (1 + d42). We get

foen) =4 " gk, D> =4 > Senro gkl 1)

k,leB} k,leB}

= > 45(5,0)* D Okato Ojkl,sO
1<s,t<n k,leBy

= Z 44(s,t) ( )
1<s,t<n t

(3] -1 n n n n 2
EEHEBE)

where we used the straightforward identity
. _1If{n - n—s—t n—s—t
oe0=3() [(20) + ()
—1 n n n n
S ) -(9))

on the function §(s,t) defined in (2.8b). By plugging (A.9) into (A.8) we obtain the result (4.5)—(4.6)
of the main text.

B Numerical simulations

A Haar-typical pure quantum state of n-qubits can be obtained by acting with a random unitary
operator, sampled according to the Haar measure, on a generic reference state. In other words, a
typical state corresponds to a single row (or column) of a unitary matrix sampled according to the
Haar measure [42]. Based on this observation, we simulated typical states by generating full unitary
matrices sampled from the Haar distribution using the algorithm presented in [65].

Hadamard states, in contrast, are characterized by a reduced number of parameters compared to
Haar states, which makes their numerical simulation significantly simpler.

To simulate a Hadamard pure state of an n-qubits system, we constructed an ordered list of N = 2"
phases (s3 = €!?*), uniformly sampled from the regular polygon defining the chosen class of Hadamard
states, as reported in table 1. The vector of Fourier coefficient (z1,...,zyx) was then obtained using

eq. (2.19). This procedure is computationally less demanding than generating a random unitary matrix.

We performed simulations for P», P3, Py, Ps-states and Hadamard-typical states.

For all mentioned ensembles of Hadamard states, as well ad for the Haar ensemble, we generated
2.3 - 10° states for system sizes ranging from n = 3 to n = 12 qubits. In addition, due to the reduced
dimension of the states space, we were able to generate all possible hypergraph states with n = 3,4
and P3;- and Pj-states with n = 3.

For both Hadamard and Haar states, we first computed the purity referred to the bipartition
A={1,...,|n/2]}. Then, we generated the list of all the possible balanced bipartitions, computed the
purity for each case and evaluated the average purity as their arithmetic mean. Although the simulations
of the purity referred to a fixed bipartition are specific to A = {1,..., |n/2]}, the results are independent

of this choice as the purity distributions are statistically independent of the specific bipartition [26].

All numerical simulations were performed on the RECAS computing cluster [64], utilizing up
to 64 cores and 32 GB of memory per job.
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—— terms of ha(n) —— terms of fo(n)

log scale
—
()
v}

Figure 4. Comparison between the terms appearing in the sums defining f2(n) in (C.13) and ha(n) in (C.14)
versus the distance d (C.12) between pairs of bipartitions, in logarithmic scale. We set n = 100. The maxima of
the terms of both sums, expressed as fractions of n, are highlighted.

C Asymptotic behavior of f3.(n)
The summation in the expression (4.6) of fa. can be split as
1,meBn leBn
where we have used the fact that ¢g(0,0) = 1. Therefore, we have
fox(n) = fa(n) = 2ha(n) + 4, (C.2)
where fy(n) is defined in eq. (2.17) and

ha(n) =4 > g(1,0). (C.3)

leB™

This is the contribution with ¢ = 0 of the sum in the second line of (2.17), namely,

[%] -1 n n 2
- $0)°[[3): (]
s=0

We derive the asymptotic behavior of the function hgo(n) defined in eq. (C.4). Let us consider

-1 2
ha(n) =4 % <Z> ( ) . (C.5)
0<s< 2

This summation depends on the ratio s/n, which we can define as a new variable

the case of even n:

VIS

r=2, (C.6)

By Stirling approximation n! ~ (n/e)"v/27mn we obtain

4 11—z 1
h ~ E = nlH(2x)-H(z)]
2(n) V2mn  SZn T 1—21‘6
859

3 1 1
NN / Pde /L nlHe)-H@)
27 Jo r 1-—2x

(C.7)
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where

H(z)=—zlnz— (1 —2z)In(1 —x) (C.8)

is the Shannon entropy of x. It is easy to see that the exponent H(2z) — H(z) takes its maximum
at o = (2 — v/2)/4, and using the saddle point approximation we get

ha(n) ~ Ay 2o L2201 (o)) / V2 L o BAH(2a0)— H (20| (v—20)°
2 rg 1—2x 0

nlo 142
~ 4\/2(2 +V2)e g( ? ) / da e~ 4V2n2?
2T R

=242+ 2) (1 +2\/§>n
=242 4v2) 2", (C.9)
where
v = log, (1 +2\/§) ~ 0.27. (C.10)

For odd n, the asymptotic expression (C.9) acquires the additional factor (4 + 3/2)/8.

Therefore, the function ho(n) is asymptotically negligible with respect to the asymptotic beha-
vior (5.4) of fa(n), since a > 2v. It follows that, for large n, fo.(n) is asymptotically equivalent
to fa(n), namely,

fax(n) ~ 3v/2 (3>n = 3v22%", (C.11)

as n — oo.
In ref. [30], it was shown that the sum (2.17) defining f2(n) can be expressed in terms of the distance

d=|ANDB| (C.12)

between two bipartitions (A4, A) and (B, B), as

il

The corresponding expression for ha(n) reads

—1 I-%J n n
ha(n) =(L’§f J> 3 (L;J> (@ﬂ) (2181 4 3194 1 201]. €14

2 d=0

2]

SIN(T51 o201 (o224 | o—(2—24)
T A

The comparison between the terms in the sums (C.13) and (C.14) is shown in figure 4 in the deep
asymptotic regime, at n = 100, confirming the asymptotic dominance of fy over hs.
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