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ABSTRACT

Fermionic Gaussian states are a fundamental tool in many-body physics, faithfully representing
non-interacting quantum systems and allowing for efficient numerical simulations. Given a
many-body wave function, it is therefore interesting to ask how much it differs from that of a
Gaussian state, as quantified by the notion of non-Gaussianity. In this work, we relate measures of
non-Gaussianity with the Shannon entropy of the particle-number distribution, coinciding with the
particle-number asymmetry for pure states. We derive a lower bound on the relative entropy of
non-Gaussianity in terms of the exponential of the Shannon entropy, and study numerically its
tightness for large system sizes. Our bound is non-trivial for large values of the asymmetry and
relies on the concentration of the particle-number distribution of (mixed) fermionic Gaussian
states. Since the Shannon entropy of the particle-number distribution is often efficient to compute
or experimentally measure, our results can be viewed as a practical way to lower bound
non-Gaussianity, highlighting a non-trivial interplay with particle-number asymmetry.
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1 Introduction

Fermionic Gaussian states are a very useful tool in condensed matter and many-body physics [1, 2].
Besides faithfully representing the eigenstates of non-interacting fermionic Hamiltonians [3], their
simplified mathematical structure makes them ideal toy models that are routinely employed in different
areas of physics. For instance, in the context of quantum computation, fermionic Gaussian states
naturally appear using the Jordan-Wigner (JW) transformation [4], mapping spin (or qubit) degrees of
freedom to fermionic ones. The circuits made of gates that can be mapped to free-fermion dynamics in
this way are known as matchgate quantum circuits [5]. They play an important role, since the mapping to
free fermions makes it possible to simulate them efficiently on a classical computer [6, 7]. More generally,
fermionic Gaussian states are becoming increasingly relevant in the development of new quantum
technologies. For example, several algorithms now allow us to efficiently learn an experimentally
prepared fermionic Gaussian state [8–12], offering non-trivial benchmarking opportunities.

Given a many-body fermionic state (or a qubit state which can be mapped to fermions via a JW
transformation), it is interesting to ask how much it differs from a Gaussian state. For example, in
the context of many-body physics, quantifying the non-Gaussianity of a state gives us a measure
of the interactions of its parent Hamiltonian [13–16]. In quantum computation theory, instead,
fermionic non-Gaussianity can be seen as a resource enabling universal quantum computation in
matchgate circuits [7, 17]. A natural framework to quantify the deviations of a state from being
Gaussian is that of quantum resource theories (QRT) [18], originally introduced in the context of
quantum information theory.

In a QRT, one indirectly defines a quantity of interest (the resource) in terms of free states and
operations, which do not display or generate the resource, respectively. The resource of interest
(in our case, the fermionic non-Gaussianity) is then quantified by suitable monotones, namely real
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functions over the Hilbert space that are vanishing on the set of free states and do not increase
under free operations [18]. In the QRT of fermionic non-Gaussianity, free states and operations are
the Gaussian ones [1, 19–27].

In this work, we focus on the relative entropy of fermionic non-Gaussianity [28–32], a popular
monotone in the non-Gaussianity QRT, and relate it to the number entropy of the symmetrized
state [33–37]. That is, the classical Shannon entropy of the probability distribution of the particle
number, which for pure states coincides with the particle-number asymmetry [38]. Specifically, we
derive a lower bound on the relative entropy of non-Gaussianity in terms of the exponential of the
Shannon entropy, and study numerically its tightness for large system sizes. Our bound is non-trivial
for large values of the asymmetry and relies on the concentration of the particle-number distribution
of (mixed) fermionic Gaussian states.

The implications of our work are two-fold. On the one hand, when the particle-number is
experimentally accessible, the particle-number Shannon entropy can be estimated efficiently [39], so
that our results can be used as a practical way to lower bound non-Gaussianity. In this respect, it is
worth mentioning that the total particle number can be measured efficiently also in quantum-circuit
setups [40–43], making our results relevant even for digital quantum platforms. On the other hand,
our work provides a link between two different QRTs. Indeed, the notion of asymmetry can also be
formalized via a QRT [18, 44–46] (see also refs. [47–53] for similar ideas developed in the context
of many-body physics and quantum field theory). Our results can then be put in the framework
introduced in ref. [54], which studied how the free states of one QRT can be resourceful when analyzed
through the lenses of a second one. More generally, our findings highlight a non-trivial interplay
between non-Gaussianity and particle-number asymmetry.

The rest of this work is organized as follows. We begin in section 2, where we briefly recall the
notions of Gaussian states, non-Gaussianity, and asymmetry. In section 3, we start characterizing
Gaussian states in terms of the distribution of the number of particles: after presenting an elementary
bound on the particle-number Shannon entropy for Gaussian states in section 3.1, we give a bound
of non-Gaussianity in terms of the minimal trace distance from the set of Gaussian states (also
known as interaction distance [13, 14]). Our main results are presented in section 4. In particular,
after some preliminary considerations in section 4.1, in section 4.2 we provide a lower bound on the
relative entropy of non-Gaussianity for a special family of states, while a completely general bound
is derived in section 4.3. Finally, section 5 contains our conclusions, while a few appendices present
the most technical parts of our work.

2 Preliminaries

We begin by recalling some preliminary facts about fermionic Gaussian states, the particle-number
Shannon entropy, and the QRT of non-Gaussianity and asymmetry.

2.1 Fermionic Gaussian states

We consider a system of N fermionic modes, satisfying canonical anti-commutation relations

{ci, c
†
j} = δi,j ,

{ci, cj} = {c†
i , c

†
j} = 0 , (2.1)

for i, j = 1 . . . N . We will denote by H the corresponding Hilbert space. A mixed, full-rank state ρ
on H is a fermionic Gaussian state if it can be represented as

ρ = 1
Z
e−K , (2.2)
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where K is a quadratic operator of the form

K =
∑︂
i,j

[︂
Ai,jc

†
icj −A∗

i,jcic
†
j +Bi,jcicj −B∗

i,jc
†
ic

†
j

]︂
, (2.3)

while Z = Tr[e−K ] is a normalization constant. Introducing the compact notation

c = (c1, c2, . . . cN , c
†
1, c

†
2, . . . c

†
N ) , (2.4)

the operator K can be rewritten as

K = c†MKc , (2.5)

with
MK =

[︄
A −B∗

B −A∗

]︄
. (2.6)

More generally, a state (not necessarily mixed) is called Gaussian if it can be obtained from the
expression (2.2) by taking the limit to infinity of some of the coefficients Ai,j and Bi,j in eq. (2.3). For
instance, a pure Gaussian state can be obtained from a thermal state of the form (2.2), by taking
the limit where the inverse of the temperature is taken to infinty.

We recall that fermionic Gaussian states satisfy Wick’s theorem [1]. As a result, they are completely
characterized by the corresponding two-point correlation functions, which we can collect in the
correlation matrix

Γ =
[︄
C F †

F 1 − CT

]︄
, (2.7)

with
Ci,j = Tr[ρc†

icj ] and Fi,j = Tr[ρcicj ] . (2.8)

In particular, the correlation matrix Γ associated with a Gaussian state ρ gives us access to its
von Neumann entropy

S(ρ) = −Tr[ρ log ρ] . (2.9)

Indeed, one can show that the eigenvalues of Γ are real and come in pairs of the form (νk, 1 − νk),
and that the von Neumann entropy is given by [55, 56]

S(ρ) = −
N∑︂

k=1
[νk log νk + (1 − νk) log(1 − νk)] . (2.10)

2.2 Non-Gaussianity, particle number Shannon entropy, and asymmetry

In this section, we introduce the relative entropy of non-Gaussianity, the particle-number Shannon
entropy, and the U(1)-asymmetry. The relative entropy of non-Gaussianity and the U(1)-asymmetry
are two monotones for the QRTs of non-Gaussianity and asymmetry, respectively, both defined in
terms of a relative von Neumann entropy. As stated in the introduction, a faithful resource monotone
M is a real function over the Hilbert space such that M(ρ) = 0 for every resource-free state ρ, and
M(E [ρ]) ≤ M(ρ) for every quantum channel E implementing a free operation [18].

The non-Gaussianity of a state can be characterized through different monotones. A natural
choice is the trace distance, ||A||1 ≡ Tr

√
A†A,

minρ′∈G ||ρ− ρ′||1 (2.11)
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where G denotes the set of all Gaussian states. However, this quantity requires us to perform a
minimization over all Gaussian states in the Hilbert space, making it highly inefficient to use. Another
widely used monotone to quantify the non-Gaussianity of a state is the fermionic antiflatness (FAF) [27,
57] which only requires the computation of the correlation matrix Γ. However, the FAF is limited
to pure states. To get around these problems, in this work we consider the relative entropy of
non-Gaussianity [28–30], defined as

NG(ρ) = minρ′∈GS(ρ||ρ′) , (2.12)

where the minimum is taken over the set of all Gaussian states G and

S(ρ||σ) = Tr[ρ log ρ] − Tr[ρ log σ] , (2.13)

with the convention that S(ρ||σ) = ∞ if supp(ρ) ∩ ker(σ) ̸= 0. While originally introduced in the
context of bosonic Gaussian states [58], it is straightforward to see that the relative entropy of
non-Gaussianity is a monotone, and hence a good measure of non-Gaussianity, also with respect to
the fermionic QRT. Namely, in ref. [31] it was proven that NG(ρ) = 0 if and only if the state is
Gaussian and NG(E [ρ]) ≤ NG(ρ) for every Gaussian quantum channel E , i.e. a completely positive
and trace-preserving operation mapping Gaussian states into Gaussian states.

As shown in ref. [30] for bosonic Gaussian states, given a state ρ, the state realizing the minimum
in eq. (2.12) is its Gaussianification ρG, namely the Gaussian state with the same correlation matrix
(such state always exists). This definition can be readily extended to the fermionic case by replacing
the bosonic covariance matrix with the fermionic correlation matrix in eq. (2.7) [26, 31]. Accordingly,
using the properties of ρG, one can rewrite [30]

NG(ρ) = S(ρ||ρG) = S(ρG) − S(ρ) . (2.14)

Although eq. (2.14) does not feature any minimization procedure, the minimization is implicit in the
definition of ρG: the Gaussian state with the same two-point correlation matrix (2.7) as ρ is the closest
fermionic Gaussian state to ρ in relative entropy (see ref. [59] for a proof). In fact, for pure states
S(ρ) = 0, so that NG(ρ) can be computed only from the correlation matrix Γ as

NG(|ψ⟩) = −
N∑︂

k=1
[νk log νk + (1 − νk) log(1 − νk)] , (2.15)

where {νk, (1 − νk)} is the set of eigenvalues of Γ. In many cases, Γ can be computed efficiently even in
the many-body setting, justifying the appeal of the relative entropy of non-Gaussianity over different
monotones. Note that, for a mixed state ρ, the r.h.s of eq. (2.15) only provides an upper bound for NG(ρ).

Next, we discuss the particle-number Shannon entropy. We first introduce the charge

Q =
N∑︂

j=1
c†

jcj , (2.16)

which is just the particle-number operator. Given a state ρ, we can then define the charge probability
distribution function

pq = Tr(Πqρ), (2.17)

where q = 0, 1, . . . N , while Πq is the projector over the q-eigenspace of the charge Q. The particle-
number Shannon entropy is then

H({pq}) = −
N∑︂

q=0
pq log pq . (2.18)

JQUANT 1 (2026) 001001 https://doi.org/10.22323/405120260706190141 4

https://doi.org/10.22323/405120260706190141


For a pure state, the largest the Shannon entropy H({pq}) the more the state breaks the U(1) symmetry
associated with the charge Q. In fact, the Shannon entropy is closely related to a natural monotone
within the QRT of asymmetry [38, 45, 46, 60, 61], as we now briefly review.

In the asymmetry QRT, one defines free states and operations as those that preserve a certain
symmetry group G. In our case, this is the U(1) symmetry group associated with the charge Q,
{U = e−iαQ}α. The amount of asymmetry in a state ρ is quantified by the G-asymmetry [38] (also
known as entanglement asymmetry [48])

∆SU(1)(ρ) = S(U [ρ]) − S(ρ) , (2.19)

where we introduced the twirling operator

U [ρ] :=
∫︂ π

−π

dα
2π e

−iαQρ eiαQ . (2.20)

Similarly to the relative entropy of non-Gaussianity, the U(1)-asymmetry is a faithful monotone, meaning
that (see [62] and references therein) ∆SU(1)(ρ) = 0 if and only if the state ρ is U(1)-symmetric, and
∆SU(1)(E [ρ]) ≤ ∆SU(1)(ρ) for every U(1)-symmetric quantum channel E .

The connection with the particle-number Shannon entropy introduced above comes from the
inequality [62]

∆SU(1)(ρ) ≤ H({pq}), (2.21)

which is saturated for pure states. Therefore, the particle-number Shannon entropy coincides with
the asymmetry for pure states, consistent with physical intuition.

Recently, the asymmetry has received increasing attention beyond the QRT framework. In
particular, the observation that it can be efficiently computed in physically interesting settings led to
several studies of asymmetry in the context of quantum thermalization [48, 63–69], typical quantum
states [70–74], QFT [49–52, 75–81], and generalized symmetries [82–84]. It is also experimentally
accessible in several relevant quantum platforms [63, 74, 85].

3 Particle-number distribution of Gaussian states

In this section, we characterize Gaussian states in terms of the distribution of the number of particles.
We first present an elementary bound on the particle-number Shannon entropy for Gaussian states.
Then, we show that violations of this bound for a state ρ give us a lower bound on the trace distance
of ρ from the set of Gaussian states.

3.1 A bound on the particle-number Shannon entropy

It is well known that Gaussianity constrains the particle-number distribution function. In fact,
particle-number fluctuations in Gaussian states have been studied in several settings, including generic
states [86] and ground states of specific models [87, 88], as well as during quantum quenches [89–
91]. Previous work has also already unveiled non-trivial connections between the particle-number
distribution and other physical quantities. For instance, when the particle number is conserved, its
fluctuations within a subsystem were shown to provide a lower bound on the bipartite entanglement
entropy [34, 92, 93]. Here, we review some elementary facts yielding a simple upper bound on the
particle-number Shannon entropy of Gaussian states.

Given a Gaussian state, we may write the first and second moment of the charge distribution function
in terms of the correlation matrices (2.8). In particular, a simple application of Wick’s theorem yields

⟨Q⟩ = Tr(C), (3.1)
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and
⟨Q2⟩ = Tr(C) + (TrC)2 − Tr(C2) + Tr(F †F ). (3.2)

Therefore, denoting by σ2 = ⟨Q2⟩ − ⟨Q⟩2 the charge variance and using (2.7), we have

σ2 = 2(Tr(C) − Tr(C2)) + Tr(Γ2)
2 − N

2 . (3.3)

Since the eigenvalues of both Γ and C are real and lie in the interval [0, 1], it holds 0 ≤ Tr(C2) ≤
Tr(C) ≤ N and 0 ≤ Tr(Γ2) ≤ Tr(Γ) = N . Applying these inequalities to eq. (3.3), we conclude

σ2 ≤ 2N . (3.4)

In turn, using the known bound for the Shannon entropy of a classical discrete distribution function
in terms of its variance [94, 95], we get

H({pq}) ≤ 1
2 log

[︃
2πe

(︃
2N + 1

12

)︃]︃
, (3.5)

which is the desired bound on the particle-number Shannon entropy for Gaussian states. Note that,
while we focused on the distribution of the eigenvalues of the particle-number operator Q, a similar
bound could be derived for any local quadratic charge.

Combining with eq. (2.21), we also obtain a bound on the asymmetry of a Gaussian state ρ,

∆SU(1)(ρ)
⃓⃓⃓
ρ∈G

≤ 1
2 logN [1 + o(1)] . (3.6)

Note that, for a generic state, the asymmetry can be as large as log(N + 1) [46]. Consequently,
non-interacting systems cannot maximally break a U(1) symmetry associated to a quadratic charge.
In other words, maximal asymmetry requires interactions.

3.2 An elementary bound for the trace distance

Eq. (3.6) implies that states with large asymmetry cannot be Gaussian. As an example, one can
consider a uniform superposition of charge eigenstates |vq⟩,

|ψ⟩ = 1√
N + 1

N∑︂
q=0

|vq⟩ . (3.7)

The state |ψ⟩ is maximally asymmetric, since ∆SU(1)(|ψ⟩) = log(N + 1). Thus, regardless of the choice
of |vq⟩, the state is not Gaussian. However, its non-Gaussianity depends on the specific choice of
|vq⟩, and quantifying it is generally non-trivial. The rest of this work is devoted to putting a lower
bound on the non-Gaussianity when the particle-number Shannon entropy (and thus, for pure states,
the asymmetry) exceeds the r.h.s. of eq. (3.5).

As is turns out, this task is non-trivial when considering the relative entropy of non-Gaussianity,
and will be tackled in the next section. Here, we first present a simpler result, giving a lower bound
on the trace distance of a state ρ from the set of Gaussian states. Specifically, denoting as usual
the Shannon entropy of ρ by H({pq}), we show

infρ′∈G ||ρ− ρ′||1 ≥
2
(︂
H({pq}) − 1

2 logN + c
)︂

logN , (3.8)

where c is a constant (independent of N and ρ). Note that the l.h.s. is known in the literature as
interaction distance [13, 14].
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In order to prove the above inequality, let us consider an arbitrary Gaussian state ρ′, and define
the probabilities pq = Tr[ρΠq] and p′

q = Tr[ρ′Πq]. From these, we can construct the mixed states

ω =
N∑︂

q=0
pq |vq⟩ ⟨vq| , ω′ =

N∑︂
q=0

p′
q |vq⟩ ⟨vq| , (3.9)

which are defined in a Hilbert space of dimension d = N+1. Notice that by construction S(ω) = H({pq})
and S(ω′) = H({p′

q}). Thus, applying the Fannes inequality [96], we get

|H({pq}) −H({p′
q})| = |S(ω) − S(ω′)| ≤ logN

2 ||ω − ω′||1 + log 2. (3.10)

Next, the mixed states in eq. (3.9) can be written as ω = E(ρ), ω′ = E(ρ′), where we introduced
the trace preserving channel

E(·) =
N∑︂

q=0
|vq⟩⟨vq|Tr[Πq(·)] . (3.11)

As a consequence, since the trace distance is non-increasing under CPTP channels [96], we arrive at

||ω − ω′||1 ≤ ||ρ− ρ′||1 . (3.12)

Combining eqs. (3.10) and (3.12) and taking into account that H({p′
q}) is upper bounded by eq. (3.5),

we find precisely (3.8).

4 A lower bound on fermionic non-Gaussianity

This section contains our main results. After presenting some preliminary considerations in section 4.1,
in section 4.2 we provide a lower bound on the relative entropy of non-Gaussianity for a special family
of states, while a completely general bound is derived in section 4.3.

4.1 Preliminary considerations

Strictly speaking, eq. (3.8) already provides a lower bound on the relative entropy of non-Gaussianity.
To see this, we may use Pinsker’s inequality [97], stating that for any two states ρ and ρ′,⃦⃦

ρ− ρ′⃦⃦2
1 ≤ 2 ln(2)S

(︁
ρ∥ρ′)︁ . (4.1)

Applying it to ρ and ρ′ = ρG in eq. (3.8), we obtain

√︂
NG(ρ) ≥ 2

ln 2

(︄
∆SU(1)(ρ) − 1

2 logN − c

logN

)︄
. (4.2)

Unfortunately, as we will show, the inequality (4.2) provides a bound which is not tight. Before
seeing this explicitly, we find it instructive to analyze the asymmetry and the non-Gaussianity of a
special family of states, allowing for analytic computations. Below, we show that for this family the
relative entropy of non-Gaussianity is bounded by the exponential of the Shannon entropy and grows
linearly in N for maximal asymmetry. Conversely, since ∆SU(1)(ρ) ≤ log(N + 1), the r.h.s. of eq. (4.2)
is asymptotically upper-bounded by a constant, suggesting that the bound is indeed not tight. In
fact, in section 4.3 we will employ a very different strategy and derive a general lower bound on the
non-Gaussianity, which recovers a linear growth in N for maximally asymmetric states.

JQUANT 1 (2026) 001001 https://doi.org/10.22323/405120260706190141 7

https://doi.org/10.22323/405120260706190141


4.2 Superposition of kink states

Consider the one-parameter family of states

|ψ⟩ =
N∑︂

k=0
αk |k⟩ , |k⟩ =

k∏︂
j=1

c†
j |0⟩ , (4.3)

where |0⟩ is the fermionic vacuum annihilated by all cj and the coefficients are chosen to be

αk =
{︄ 1√

R
, 1 ≤ k ≤ R ,

0 , otherwise ,
(4.4)

with 0 < R ≤ N . Each |k⟩ is a “kink state”, and is obviously a charge eigenstate with eigenvalue
k. The simple form of the states (4.3) allows us to perform analytic computations. In addition, by
varying the parameter R, the asymmetry of |ψ⟩ can be tuned from 0 (R = 1) to logN (R = N),
allowing us to study the interplay between asymmetry and non-Gaussianity. Quantitatively, by setting
R = ⌊Nβ⌋ with 0 < β ≤ 1, the asymmetry of |ψ⟩ reads

∆SU(1) = −
R∑︂

k=1
|αk|2 log |αk|2 = logR ∼ β logN . (4.5)

Note that the state |ψ⟩ breaks the fermion parity, namely it is not an eigenstate of P = (−1)Q, but
this is irrelevant for our discussion. In fact, one could also study similar families of states featuring,
say, only even kink states, arriving at similar conclusions.

In order to bound the non-Gaussianity of the state (4.3), we first rewrite eq. (2.15) as

NG(ρ) =
N∑︂

k=1
H2(νk) , (4.6)

where H2(x) is the binary entropy in natural units. Using the simple bound [98]

H2(x) ≥ 4 log(2)x(1 − x) , (4.7)

and making use of eq. (2.7), we arrive at the inequality

NG(ρ) ≥ 4 log 2 Tr
[︂
C − C2 − F †F

]︂
, (4.8)

which is valid for any pure state ρ.
Next, as we show in appendix A, for the family of states (4.3) we can compute

TrC = R+ 1
2 ,

TrC2 = R

3 + 1
2 + 1

6R , (4.9)

TrF †F = 2R− 2
R2 .

Finally, recalling that, according to eq. (4.5), for the states (4.3) R = e∆S , we arrive at the result

NG(|ψ⟩) ≥ 4 log 2
(︃

4e−2∆S − 13
6 e

−∆S + 1
6e

∆S
)︃
. (4.10)

The lower bound (4.10) can be verified numerically for all values of ∆SU(1)(|ψ⟩) by diagonalizing
the correlation matrix to obtain the exact value of NG(|ψ⟩). We present results for N = 100 for all
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Figure 1. Non-Gaussianity of the superposition of kink states (4.3) plotted against their asymmetry for different
values of the parameter R (red) for N = 100. The black dashed line denotes the lower bound (4.10).

parameters of R (and hence the full range of possible values of the asymmetry) in figure 1. Evidently, the
lower bound (4.10) follows the actual values very closely and captures the scaling of the non-Gaussianity

NG(|ψ⟩) ∼ Nβ +O

(︃ 1
Nβ

)︃
. (4.11)

More generally, we have also studied numerically the non-Gaussianity for different families of
states with large asymmetry for small values of N . In all cases the bound in eq. (4.2) appears to
be manifestly non-tight, motivating the derivation of a tighter bound. We do this in section 4.3
using a different approach based on a concentration result for the particle-number distribution of
(mixed) fermionic Gaussian states.

4.3 Derivation of the lower-bound

In this section, we provide a general lower bound on the relative entropy of non-Gaussianity, significantly
improving eq. (4.2). Our strategy is based on the following concentration inequality. Denoting by ρ
a Gaussian state with average charge Tr[ρQ] = q̄, one can prove

Pρ[|q − q̄| ≥ a] ≤ 2 exp
[︄

−a2

2(σ2
ρ + 2a/3)

]︄
, (4.12)

where σ2
ρ is the charge variance of the state ρ, while Pρ[|q − q̄| ≥ a] is the probability that the charge

Q takes values outside of the interval [q̄ − a, q̄ + a]. Physically, this result states that the fluctuations
of the total charge, Q, are strongly suppressed away from their mean. Indeed, for Gaussian states
with σ2 ∼ O(N), fluctuations of size a ∼

√
N are typical, while extensive deviations, a ∼ N , are

exponentially suppressed in the system size.
While concentration inequalities such as eq. (4.12) are well established for pure Gaussian states [99,

100], we are not aware of explicit proofs in the case of mixed states. In fact, the extension to mixed states
requires a more careful analysis. We prove eq. (4.12) in appendix B, based on an exact representation
of the charge cumulant generating function for (mixed) Gaussian states [89, 101].

Next, we can summarize the strategy to derive our bound as follows. If a state ρ has a large
Shannon entropy, the particle-number distribution function must be anti-concentrated, and therefore
different from the one of Gaussian states. In particular, there must be particle-sectors of the Hilbert
space where the support of ρ is large, while that of its Gaussianification ρG is exponentially small.
This difference gives rise to the divergence of the relative entropy between ρ and ρG for N → ∞.
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To be precise, let us consider a state ρ and denote by pq the corresponding particle-number
probability distribution function. For ease of notation, we will denote

h = eH({pq}) , (4.13)

and assume h ≥ (N+1)γ with 1 ≥ γ ≥ 1/2 (otherwise the bound is trivial). Setting ε = P [|q−q̄| > a], it
is intuitive that if H({pq}) is very large, ε can not be too small. Introducing ma = 2⌊a⌋+1, which is the
number of integer charge sectors satisfying |q− q̄| ≤ a, this follows from the Jensen’s inequality, yielding

H({pq)} ≤ H2(ε)+(1−ε) logma+ε log(N+1−ma) ≤ log 2+(1−ε) logma+ε log(N+1−ma), (4.14)

and therefore

P (|q − q̄| > a) ≥ max
{︄

0, H({pq}) − logma − log 2
log

(︁N+1−ma
ma

)︁ }︄
. (4.15)

This inequality shows that once the entropy exceeds log(2ma), the tails of the probability distribution
function must be strictly positive.

Proceeding with the argument, let ρG be the Gaussianification of ρ. We define two orthogonal
projectors

ΠA(α) =
∑︂

|q−q̄|≤cN (α)
Πq , (4.16)

ΠB(α) =
∑︂

|q−q̄|>cN (α)
Πq , (4.17)

with cN (α) = αh. These operators project onto central and tail charge sectors, respectively. We
also introduce the quantum channel

Eα(·) = ΠA(α)(·)ΠA(α) + ΠB(α)(·)ΠB(α) . (4.18)

By using the data processing inequality, we get

NG(ρ) = S(ρ||ρG) ≥ S(ωα,ρ||ωα,ρG) , (4.19)

where ωα,ρ = Eα(ρ) and similarly for ρG. Since both states are block-diagonal in this decomposition,
from the expression of the U(1)-resolved relative entropy [102], we obtain the following bound

S(ωα,ρ||ωα,ρG) =
∑︂

X=A,B

pX,ρS(ωX
α,ρ||ωX

α,ρG
) +

∑︂
X=A,B

pX,ρ log pX,ρ

pX,ρG

≥
∑︂

X=A,B

pX,ρ log pX,ρ

pX,ρG

≥ − log 2 − pB,ρ log pB,ρG
, (4.20)

where, for X = A,B, we defined ωX
α,ρ = ΠX(α)ρΠX(α)/pX,ρ, ωX

α,ρG
= ΠX(α)ρGΠX(α)/pX,ρG

, together
with the probabilities pB,ρ = Pρ[|q − q̄| > cN (α)], pA,ρ = 1 − pB,ρ, and pB,ρG

, pA,ρG
are defined

analogously. To obtain the final inequality in eq. (4.20), we used the fact that it always holds∑︁
X=A,B pX,ρ log pX,ρ ≥ − log 2. Now, restricting to α < 1/4, eq. (4.15) gives us the explicit bound

pB
α,ρ ≥ sN (α) ≡ − log(4α)

(︃
log (N + 1)/h− 2α

2α

)︃−1
. (4.21)

On the other hand, applying eq. (4.12) to the Gaussian state ρG with threshold a = cN (α), we obtain

pB,ρG
≤ 2 exp

[︄
− cN (α)2

2(σ2
ρG

+ 2cN (α)/3)

]︄
. (4.22)
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Finally, by plugging eqs. (4.21) and (4.22) in eq. (4.20), and using eq. (4.19), we arrive at

NG(ρ) ≥ sN (α)

⎡⎣log sN (α)
2 + cN (α)2

2
(︂
σ2

ρG
+ 2 cN (α)

3

)︂
⎤⎦ , (4.23)

where sN (α) is defined in eq. (4.21).
Eq. (4.23) is our main result. While it is true for all values of α with 0 < α < 1/4 (so that

sN (α) > 0), we can choose, for instance, α = 1/8 to obtain an explicit bound. In this case, the leading
scaling behavior of the r.h.s. side can be extracted using that σ2

ρG
≤ 2N , yielding

NG(ρ) ≥ log(2)(log[4(N + 1)/eH({pq}) − 1])−1
[︄
e2H({pq})

256N

]︄
(1 + o(N)) , (4.24)

which displays the previously announced improved scaling over eq. (4.2). For instance, for maximal
entropy H({pq}) ∼ logN , it yields NG(ρ) > cN(1 + o(N)), where c is a constant, 0 < c < 1. This
scaling recovers the linear growth of the relative-entropy of non-Gaussianity (4.10) derived for the
family of kink states (4.3).

For smaller entropy H({pq}) ∼ Nγ with γ < 1, an additional logarithmic correction appears. In
this case, we have not been able to find examples saturating the bound. In fact, for generic states
analytic computations are not possible and we are restricted to numerical computations for relatively
small system sizes. This makes it difficult to understand whether the scaling predicted by eq. (4.24)
is tight. We leave this question for future work.

5 Outlook and discussions

In this work, we have investigated the interplay between two different quantum resources in the
many-body setting: non-Gaussianity and asymmetry. In particular, we have derived a general bound
on the relative entropy of non-Gaussianity in terms of the Shannon entropy of the particle-number
distribution, which coincides with the particle-number asymmetry for pure states. The relevance of
our work is two-fold. On the one hand, our results can be viewed as a practical way to lower bound
non-Gaussianity. On the other hand, we provide a link between two different QRT in the context
of fermionic systems, in the spirit of ref. [54].

Our work raises some questions for future research. First, it would be important to understand
whether our bound is tight or, conversely, how to improve it. In the case of maximally asymmetric
states, we have shown that the scaling of the bound is optimal, but the question remains open for
lower asymmetry.

Second, a natural question pertains to the extension of our results to bosonic systems. In this case,
it is easy to see that a bound of the non-Gaussianity in terms of the Shannon entropy as the one we
have derived cannot hold. This is because the particle-number Shannon entropy for bosonic Gaussian
states is unbounded, as it can be seen for a single bosonic mode. However, one may wonder whether
a bound on non-Gaussianity can be obtained by studying refined properties of the particle-number
distribution. This would be particularly interesting, given the prominent role that bosonic Gaussian
states play in the context of quantum optics [58]. We leave these questions for future research.
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Appendix

A Correlation matrices and lower bound for the superposition of kink states

Here we provide some additional details about the computation of the lower bound for the non-
Gaussianity of the family of states considered in section 4.2, namely

|ψ⟩ =
N∑︂

k=0
αk |k⟩ , |k⟩ =

k∏︂
j=1

c†
j |0⟩ , (A.1)

where the coefficients αk are:

αk =
{︄ 1√

R
, 1 ≤ k ≤ R

0 , otherwise
, (A.2)

with 0 < R ≤ N .
Our starting point is the inequality (4.8). For the state we are considering, the matrix elements

of C and F are immediately obtained,

Ci,j = Tr[ρc†
icj ] = δi,j

N∑︂
k=i

|αk|2 ,

Fi,j = Tr[ρcicj ] = αi−2αiδi,j+1 − αj−2αjδi,j−1 . (A.3)

We now proceed to compute Tr
[︂
C − C2 − F †F

]︂
term by term. Crucially, the only non-trivial part

of the computation is keeping track of the summation limits. Thus, noting that αk = 0 whenever
k /∈ [1, R], from the above matrix elements we readily obtain

Tr[C] =
R∑︂

i=1

1
R

(R− i+ 1) = R+ 1
2 . (A.4)

For the second term, Tr[C2], the matrix elements are given by

(C2)i,j = δi,j
1
R2 (R− i+ 1)2 for 1 ≤ i ≤ R (A.5)

and so

Tr[C2] =
R∑︂

i=1

1
R2 (R− i+ 1)2 = R

3 + 1
2 + 1

6R . (A.6)

For the third term, Tr[F †F ], we write

(F †F )i,i =
R∑︂

k=1
(αiαi−2αiαi−2δk,i−1 + αkαk−2αkαk−2δi,k−1) = αiαi−2αiαi−2 + αi+1αi−1αi+1αi−1 ,

(A.7)
yielding

Tr
[︂
F †F

]︂
=

R∑︂
i=1

(αiαi−2αiαi−2 + αi+1αi−1αi+1αi−1) = 2(R− 2)
R2 . (A.8)

Combining the above results, we finally have

Tr
[︂
C − C2 − F †F

]︂
= 4 1

R2 − 13
6

1
R

+ 1
6R , (A.9)

which leads to eq. (4.10) by substituting R = eH({pq}) = e∆S .
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B Proof of the concentration inequality for mixed states

In this appendix, we prove the concentration result (4.12). To this end, we first define the probability
distribution Pρ[q] associated to a generic state ρ as

Pρ[q] = Tr[ρΠq] , (B.1)

where Πq is the projector onto the q-eigenspace of the charge operator Q. The moment-generating
function of such probability distribution is defined

χρ(t) = 𝔼[etQ] =
∑︂

q

Pρ[q]etq = Tr[ρetQ] . (B.2)

If ρ is a Gaussian state, then χρ(t) can be computed explicitly by the formula [89, 101]

χρ(t) = (2 cosh(t/2))N

⌜⃓⃓⎷det
(︄

1 − tanh ( t
2)ΓM Ω

2

)︄
. (B.3)

Here we introduced the correlation matrix ΓM in the Majorana basis, which is defined by

(ΓM )i,j = i

2Tr(ρ[γi, γj ]) , (B.4)

where

γ2j−1 = c†
j + cj

γ2j = i(c†
j − cj) . (B.5)

The matrix Ω is a 2N × 2N real matrix whose only non-zero elements are

Ω2j−1,2j = −1
Ω2j,2j−1 = 1 . (B.6)

The matrix ΓM Ω is not necessarily diagonalizable. Still, eq. (B.3) is well-defined since ΓM Ω can be
characterized by the eigenvalues appearing in the Jordan form. The cumulant generating function
can be expanded

logχρ(t) = N log(cosh t/2) + 1
2Tr {log[1 − tanh(t/2)ΓM Ω]}

= 1
2Tr {log[cosh(t/2)1 − sinh(t/2)ΓM Ω]} = N log(cosh t/2) − 1

2

∞∑︂
n=1

tanhn(t/2)
n

Tr[(ΓM Ω)n] .

This series is convergent for all t ∈ ℝ since Tr[(ΓM Ω)n] ≤ 2N due to ||ΓM Ω||∞ ≤ 1. Indeed, the first
two terms in the series give us the first two cumulants, namely the mean and variance of the charge Q:

⟨Q⟩ = i

2

N∑︂
j=1

⟨γ2j−1γ2j⟩ = −1
4Tr[ΓM Ω] , (B.7)

⟨Q2⟩ − ⟨Q⟩2 = N

4 − 1
8Tr[ΓM ΩΓM Ω] . (B.8)

The matrix ΓM Ω is a product of two skew-symmetric matrices, one of which is non-degenerate. As
such, its spectrum is doubly degenerate [101, 103]. Denoting as {µj}N

j=1 the non-doubled eigenvalues
of ΓM Ω, we can rewrite the cumulant generating function (B.3) as

logχ(t) = log𝔼[eXt] =
N∑︂

j=1
log [cosh(t/2) − µj sinh(t/2)] , (B.9)
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from which it is apparent that the cumulants can be also expressed in terms the eigenvalues µj . In
particular, for the first two we have

⟨Q⟩ = −1
2

N∑︂
j=1

µj , (B.10)

⟨Q2⟩ − ⟨Q⟩2 = 1
4

⎡⎣ N∑︂
j=1

(1 − µ2
j )

⎤⎦ . (B.11)

Importantly, the eigenvalues of ΓM Ω are not necessarily real. It is however instructive to look at the
case where all µj are real. In this case, since the eigenvalues satisfy |µj | ≤ 1, it is obvious that eq. (B.9)
can be interpreted as the cumulant generating function of the sum of N independent random variables.
Explicitly, for each j we define a {±1}-valued random variable Zj by

P (Zj = 1) = 1 − µj

2 , P (Zj = −1) = 1 + µj

2 , (B.12)

where P (Zj = a) denotes the probability that Zj = a. It is then immediate to see that

𝔼[esZj ] = cosh s− µj sinh s . (B.13)

Taking s = t/2 then leads to

logχ(t) =
N∑︂

j=1
log𝔼[e(t/2)Zj ] , (B.14)

which is the cumulant generating function of 1
2
∑︁N

j=1 Zj .
In general, however, the µj are complex, and so the above treatment must be refined. This is easy

to do using some additional structure of the eigenvalues µj . Indeed, we note that ΓM Ω is a 2N × 2N
real matrix. For any real matrix, the complex eigenvalues come in pairs µj = νj , µj+1 = ν̄j (with the
same algebraic and geometric multiplicity). For such a pair, we can then define a valid real random
variable Yj , corresponding to the sum (Zj + Zj+1)/2, as we describe below.

Formally, suppose we order {µj}N
j=1 = {ξj}N−K

j=1 ∪ {νj}N−K/2
j=N−K+1 ∪ {ν̄j}N

j=N−K/2+1, where ξj are
the real eigenvalues, while {νj}N−K/2

j=N−K+1 is the set obtained by selecting one of the two conjugate
eigenvalues in each pair. For each j ∈ [N −K + 1, N −K/2], define a random variable Yj ∈ [−1, 0, 1]
with the corresponding probabilities given by

P (Yj = 1) = 1 − νj

2
1 − ν̄j

2 , (B.15)

P (Yj = 0) = 1 − νj

2
1 + ν̄j

2 + 1 + νj

2
1 − ν̄j

2 , (B.16)

P (Yj = −1) = 1 + νj

2
1 + ν̄j

2 . (B.17)

Because |νj | ≤ 1 (which follows from ||ΓM Ω||∞ ≤ 1), the probabilities P (Yj = a), with a = 1, 0,−1,
are positive, while we can verify

1∑︂
a=−1

P (Yj = a) = 1 . (B.18)

Therefore, {P (Yj = a)}j is a legitimate probability distribution function. For j ∈ [1, N −K], corres-
ponding to the real eigenvalues ξj , we define Yj ∈ [−1/2, 1/2], with probability distribution function

P (Yj = 1/2) = 1 − µj

2 , P (Yj = −1/2) = 1 + µj

2 . (B.19)

Because µj are real, {P (Yj = a)}j is again a legitimate probability distribution function.
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Now, following the previous steps, we have

logχ(t) =
N−K/2∑︂

j=1
log𝔼[etYj ], (B.20)

which is the cumulant generating function of

Y =
N−K/2∑︂

j=1
Yj . (B.21)

Note that, contrary to eq. (B.14), in eq. (B.20) there is no factor 1/2 in the exponent, consistent
with the fact that

∑︁
j Yj = (1/2)

∑︁
j Zj .

As a result, the cumulants (and moments) of the random variable Y coincide with the cumulants
(and moments) of the classical variable associated to the probability distribution Pρ[q] = Tr[ρΠq].
Therefore, we can write

PY [q] = Pρ[q] . (B.22)

This result is important, because it tells us that Pρ[q] coincides with the probability distribution function
of the sum of N − K/2 random variables, for which concentration inequalities are well known. In
particular, using that the independent variables are bounded |Yj | ≤ 1, we use Bernstein’s inequality [104]:

P

⎛⎝⃓⃓⃓⃓⃓⃓N−K/2∑︂
i=1

(Yi − 𝔼[Yi])

⃓⃓⃓⃓
⃓⃓ ≥ a

⎞⎠ ≤ 2 exp
(︄

−
1
2a

2

σ2 + 2
3a

)︄
(B.23)

where
σ2 = 𝔼[Y 2] − 𝔼[Y ]2 = ⟨Q2⟩ − ⟨Q⟩2 , (B.24)

which concludes the proof of the concentration inequality (4.12).
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